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Presenter
Presentation Notes
For the first part of my talk I will be giving you a quick overview of the detailed population balance model for soot used by the Computational Modelling Group at the University of CambridgeOne way to characterise a model is by its type space, state space and the particle processes which modify the state space of the particle ensemble, and this will be the characterisation that I will useHowever, the focus of my talk will be on the algorithms used to solve the high dimensional problem and the algorithms used to improve computational efficiencyI will then finish my talk with an application of the detailed population balance model to a laminar premixed ethylene burner-stabilised stagnation flame



Laminar premixed stabalised flame 
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Trajectory of a soot particle 

Presenter
Presentation Notes
The video on the left shows the inception and ensuing steps related to soot particle dynamics. It shows two spherical particles coalescing, growing in size due to surface growth, and finally forming aggregates



Trajectory of a soot particle 

Presenter
Presentation Notes
The video on the left shows the inception and ensuing steps related to soot particle dynamics. It shows two spherical particles coalescing, growing in size due to surface growth, and finally forming aggregates



Detailed population balance model 

Gas-phase chemistry up to pyrene 

PAH dynamics beyond pyrene 

Soot and PAH dynamics 

Presenter
Presentation Notes
This slide shows the coupling in our detailed population balance modelThe orange box is the pre-processing step where the gas-phase chemistry is computed up to pyrene using OppdifThe temperature and species profiles are supplied as an input to the model represented by the red boxesIt shows the coupling between the evolution of PAHs which are equal in size to pyrene or bigger and the evolution of PAHs in particles



Particle representation 

Primary particle 

Aggregate 

PAH 

• Connectivity 
• Joint surface area 

Sintering level 

• PAHs rigidly stick 
• Edge C 
• Site types 
• Fringe length 

Presenter
Presentation Notes
How are particles represented in our model?An aggregate is made up of a number of primaries and its structure is stored as you see itWe know the surface area of each of these primaries and how they are connected togetherWe also know the joint surface area between any two neighbouring primaries which allows us to resolve the sintering level for any two neighbouring primariesThe sintering level describes the extent to which the primaries are glued together – whether they are in point contact or completely fused together or somewhere in-betweenA primary is made up of a number of PAHs and we assume that these PAHs rigidly stick as no information is stored about the position or orientation of these PAHsWe know the exact structure of each PAH simply by tracking the positions of the edge carbon atoms and the site typesThis enables us to resolve the fringe length of each PAH which may be defined as the largest carbon-carbon pair length



Detailed population balance model 
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Kinetic Monte-Carlo Aromatic Site 
(KMC-ARS) 

Presenter
Presentation Notes
The physical system modelled is the collision and sticking of polycyclic aromatic hydrocarbons (PAHs) to form soot nanoparticles. The growth and oxidation of PAHs is described by the Kinetic Monte-Carlo Aromatic Site model, or KMC-ARS model. While soot morphology is described by the PAH-Primary Particle model, or PAH-PP model.



Type space: PAH-PP model 

• Each particle is 
represented as: 

𝑃𝑞 = 𝑃𝑞 𝑝1,⋯ , 𝑝𝑛 𝑃𝑞 ,𝑪  

where 𝑪 is the 
connectivity matrix 

N. Morgan, M. Kraft, M. Balthasar, D. Wong, M. Frenklach, P. 
Mitchell, Proc. Combust. Inst. 31 (2007) 693–700 

Presenter
Presentation Notes
Type space is a mathematical description of a particleThe type space of the PAH-PP model is as follows. Each particle Pq in the model is represented as so where Particle Pq consists of n primary particles and C is the connectivity matrix. Not only do we know the number of primary particles in an aggregate but also how they are connected together. This allows us to produce 3D renderings of soot particles as seen here for representative particles from two different premixed flames.



Type space: PAH-PP model 

• Connectivity matrix 𝑪 stores the common surface area between two 
primary particles: 

𝑪 𝑃𝑞 =

0 ⋯ 0 ⋯ 0
𝐶21 ⋱ 0 ⋯ 0
⋮ ⋱ ⋱ ⋯ ⋮
𝐶𝑖1 ⋯ 𝐶𝑖𝑖 ⋱ ⋮
⋮ ⋯ ⋮ ⋯ ⋮

 

 
• Element 𝐶𝑖𝑖 of matrix 𝑪 has the following properties: 

𝐶𝑖𝑖 = �
0,

𝑆sph 𝑝𝑖,𝑝𝑖 ≤ 𝐶𝑖𝑖 ≤ 𝑠 𝑝𝑖 + 𝑠 𝑝𝑖 ,
non−neighbouring
neighbouring  

 

 

Presenter
Presentation Notes
The connectivity matrix C is a lower diagonal matrix where its length and width is equal to the number of primary particles in the particle. It stores the common surface area between two primary particlesThe element Cij of matrix C has the following properties: if the primary particles pi and pj are non-neighbouring then the common surface area is 0.If the primary particles pi and pj are neighbouring then the common surface area can be anywhere between the surface area of a sphere with the same volume as that of primaries pi and pj, and the sum of the surface areas of the individual primaries pi and pj. That is, a completely sintered particle and primary particles in point contact.Therefore the connectivity matrix describes the sintering between any two neighbouring primary particles in an aggregate



Type space: KMC-ARS model 

• Each primary 𝑝𝑖 is represented as: 

𝑝𝑖 = 𝑝𝑖 𝑚1,⋯ ,𝑚𝑛 𝑝𝑖  

where 𝑚 is the exact structure of a PAH 

Presenter
Presentation Notes
The type space of the KMC-ARS model is as follows. Each primary pi is made up of a collection of planar PAHs m as shown in the figure where m is the exact structure of the PAH. However, no information is stored about the orientation of each PAH in the primary.



Type space: KMC-ARS model 

 

 

 

 

 

• Each PAH 𝑚𝑎 is fully described by its edge carbon atoms: 

𝑚𝑎 = 𝑚𝑎 𝑐1,⋯ , 𝑐𝑛 𝑚𝑎  

• Surface reactions on edge carbon atoms 
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Presenter
Presentation Notes
How is the exact structure of each PAH represented? Take for example the PAH shown here, a pyrene molecule which has four aromatic rings. We can either track the position of all 16 carbon atoms, or we can simply track the 14 carbon atoms on the edge of the PAH. [click]Reactions take place on the edge carbon atoms and not the bulk carbon atoms which allows us to make this assumption



Type space: KMC-ARS model 

 

 

 

 

 

• Each carbon atom 𝑐𝑏 has spatial coordinates: 

𝑐𝑏 = 𝑐𝑏(𝜂𝑖 , 𝜂𝑖) 

where 𝜂 are units in the horizontal and vertical direction 
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Presenter
Presentation Notes
To track the structure of a PAH, a 2D grid is generated and the PAH is placed on it. Each edge carbon atom has coordinates eta i and eta j relative to an arbitrary origin with coordinates 0,0 where each unit in the horizontal and vertical directions represent a pre-defined length proportional to the length of a carbon-carbon bond.



KMC-ARS model 

• Surface reactions happen when gas-phase molecules react with sites 
on a PAH 

 

 

• Armchair growth reaction  

  

Presenter
Presentation Notes
Surface reactions happen when gas-phase molecules react with specific sites or combination of sites on the edge of a PAH. The basic site types are shown.One example would be the following growth reaction which takes place on an armchair site. As with most PAH growth pathways, it first involves the abstraction of an H atom (A to B), followed by the addition of a chemical species (B-C)This is one of the simpler reactions which already involves 7 elementary reactions and 2 intermediate species B and C. If we were to account for all the elementary reactions and intermediate structures, it would be computationally inhibitive. Therefore we apply a steady-state assumption whereby the intermediate species are assumed to be short-lived so that we are able to obtain a single rate expression for the entire process. [click]



KMC-ARS transformations 

• Surface reactions are described by a set of 20 jump processes: 

 

 

 

 

 

S1 Free-edge ring growth 

S2 Armchair ring growth 

S3 6-member bay closure  

S4 Benzene addition 

S5 Free-edge ring 
desorption 

S6 Free-edge oxidation by O2 

S7 Free-edge oxidation by OH 

S8 Armchair oxidation by O2 

S9 Armchair oxidation by OH 

S10 Zig-zag 5-member ring addition 

S11 5-member ring desorption 

S12 Armchair 6- to 5-
member ring conversion 

S13 Free-edge 5- to 6-
member ring conversion 

S14 Armchair 5- to 6-member 
ring conversion 

S15 5-member ring migration 

S17 6-member ring 
rearrangement at bay 

S19 Zig-zag oxidation by O2 

S20 Zig-zag oxidation by OH 

S16 6-member ring 
rearrangement at bay 

S18 6-member ring 
desorption at bay 

Presenter
Presentation Notes
Employing the steady-state assumption, there are a total of 20 jump processes in the model to describe the detailed growth and oxidation of PAHs



KMC-ARS transformation 

Values 
Fuel composition 

(mol%) 
50 C2H4, 50 O2 

Velocity 
(cm/s) 

54 

Pressure 
(bar) 

0.15 

Equivalence ratio 
(-) 

3.0 

J. Happold, Geschichtete polyzyklische aromatische 
Kohlenwasserstoffe als Bausteine der Rußbildung, 
Universität Stuttgart, Stuttgart, 2008 

D. Chen, Z. Zainuddin, E. Yapp, J. Akroyd, S. Mosbach, M. 
Kraft, Proc. Combust. Inst. 34 (2013) 1827–1835 

Presenter
Presentation Notes
I am now going to play a short clip which shows the growth of a representative pyrene molecule along a laminar premixed flame which we simulated using our fully-coupled model. As mentioned previously PAH structures are fully described by its edge carbon atoms; therefore, only the positions of the edge carbon atoms are shown. Note also that this is a premixed flame so that most of the jump processes that occur are growth reactions.



KMC-ARS transformation 

Values 
Fuel composition 

(mol%) 
50 C2H4, 50 O2 

Velocity 
(cm/s) 

54 

Pressure 
(bar) 

0.15 

Equivalence ratio 
(-) 

3.0 

J. Happold, Geschichtete polyzyklische aromatische 
Kohlenwasserstoffe als Bausteine der Rußbildung, 
Universität Stuttgart, Stuttgart, 2008 

D. Chen, Z. Zainuddin, E. Yapp, J. Akroyd, S. Mosbach, M. 
Kraft, Proc. Combust. Inst. 34 (2013) 1827–1835 



Particle processes: Inception 

• Two PAHs in the gas-phase stick together introducing a new particle 
into the system consisting of one primary 

• Inception is implemented as: 

𝑃𝑞 𝑝1(𝑚1),𝑪 + 𝑃𝑟 𝑝1(𝑚1),𝑪 → 𝑃𝑠 𝑝1 𝑚1,𝑚2 ,𝑪  

 

Presenter
Presentation Notes
I will now move on to the different particle processes responsible for changing the state space of the particle ensemble. I will not go into the details of the rate of these processes but only describe how these processes transform the type of the particle.The first of these is inception, two PAHs in the gas-phase stick together introducing a new particle into the system consisting of one primary. [click]Inception is implemented as the sticking of two particles Pq and Pr, each made up of a single primary p1 containing a single PAH m1, creating a particle Ps made up of a single primary p1, composed of the two PAHs m1 and m2. Since the particles Pq, Pr and Ps are a single primary the connectivity matrix C is 0.



Particle processes: Coagulation 

• Coagulation occurs when two particles stick to each other and assume 
point contact 

• The coagulation of particles 𝑃𝑞 and 𝑃𝑟 is implemented as: 

𝑃𝑞 𝑝1,⋯ ,𝑝𝑛 𝑃𝑞 ,𝑪 + 𝑃𝑟 𝑝1,⋯ ,𝑝𝑛 𝑃𝑟 ,𝑪 →

𝑃𝑠 𝑝1,⋯ ,𝑝𝑛 𝑃𝑞 ,𝑝 𝑛 𝑃𝑞 +1 ,⋯ ,𝑝𝑛 𝑃𝑞 +𝑛 𝑃𝑟 ,𝑪′   

• Primary particle 𝑝𝑖 from 𝑃𝑞 and a primary particle 𝑝𝑖 from 𝑃𝑟 are in point 
contact 

Presenter
Presentation Notes
Coagulation occurs when two particles stick to each other and assume point contact. [click]The coagulation of particle Pq and Pr is implemented as follows. It is assumed that primary particle pi from Pq and a primary particle pj from Pr are in point contact. The primaries pi and pj are uniformly selected, and the connectivity matric C’ is calculated accordingly.



Particle processes: Sintering 

• Rearrangement of PAHs to minimise the surface area of the particle 

 

Time 

𝑝𝑖 
𝑝𝑖 

𝑝𝑖 
𝑝𝑖 𝑝𝑘 

Presenter
Presentation Notes
To model the possibility of PAHs within particles rearranging to minimise the surface area of the particle, neighbouring primary particles pi and pj which are initially in point contact sinter at a given rate, [click] eventually resulting in a completely sintered particle pk [click]



Particle processes: Condensation 

• Particles can grow by the deposition of PAHs on the particle surface 

• One of the particles is a single PAH species:  

𝑃𝑞 𝑝1(𝑚1),𝑪 + 𝑃𝑟 ⋯ , 𝑝𝑘 𝑚1,⋯ ,𝑚𝑛 𝑝𝑘 ,⋯ ,𝑪
→ 𝑃𝑠 ⋯ ,𝑝𝑘 𝑚1,⋯ ,𝑚𝑛 𝑝𝑘 ,𝑚 𝑛 𝑝𝑘 +1 ,⋯ ,𝑪′  

Presenter
Presentation Notes
Condensation is a process by which particles can grow by the deposition of PAHs on the particle surface. [click] In this case, one of the particles is a single PAH species. The primary pk is uniformly selected and the connectivity matric C’ is calculated accordingly.



Particle processes: Surface reaction 

• Surface reactions are described by a set of 20 jump processes: 

 

 

 

 

 

S1 Free-edge ring growth 

S2 Armchair ring growth 

S3 6-member bay closure  

S4 Benzene addition 

S5 Free-edge ring 
desorption 

S6 Free-edge oxidation by O2 

S7 Free-edge oxidation by OH 

S8 Armchair oxidation by O2 

S9 Armchair oxidation by OH 

S10 Zig-zag 5-member ring addition 

S11 5-member ring desorption 

S12 Armchair 6- to 5-
member ring conversion 

S13 Free-edge 5- to 6-
member ring conversion 

S14 Armchair 5- to 6-member 
ring conversion 

S15 5-member ring migration 

S17 6-member ring 
rearrangement at bay 

S19 Zig-zag oxidation by O2 

S20 Zig-zag oxidation by OH 

S16 6-member ring 
rearrangement at bay 

S18 6-member ring 
desorption at bay 

Presenter
Presentation Notes
Employing the steady-state assumption, there are a total of 20 jump processes in the model to describe the detailed growth and oxidation of PAHs



Particle process: Surface rounding 

• Surface rounding by mass addition 

Presenter
Presentation Notes
The last process is surface rounding by mass addition, either by condensation or by surface reaction, as you can see in this figure.



Particle process: Surface rounding 

• Condensation or surface reaction increases its mass and volume. 

• The change in volume results in the change in net common surface 
area of the primary particle 𝑝𝑖 with all its neighbouring primaries: 

∆𝑠 𝑝𝑖 = ∆𝑣 𝑝𝑖
2𝑠

𝑑pri 𝑝𝑖
 

Where 𝑠 is the smoothing factor such that 0 ≤ 𝑠 ≤ 2 

• The corresponding change in 𝑪′ is given by: 

𝐶𝑖𝑖 = �
0,

𝐶𝑖𝑖 + ∆𝑠 𝑝𝑖 ,
non−neighbouring
neighbouring  

 

Presenter
Presentation Notes
When a PAH condenses onto a primary particle or when a gas-phase species reacts on the surface of a particle, it increases the mass and volume of the primary particle. The change in volume results in the change in net common surface area of the primary particle pi with all its neighbouring primaries as follows.



Algorithms 

• The overall model consists of the kinetic model and the stochastic  
particle model 

• These models can be coupled using operator splitting techniques: 

 Strang splitting 

 Predictor-Corrector algorithm 

• Simplest algorithm to solve the population balance is the Direct 
Simulation Algorithm (DSA) 

• Numerical issues with DSA addressed by Stochastic Weighted 
Algorithm (SWA) 

• Techniques to improve computational efficiency 

Presenter
Presentation Notes
This brings us to the conclusion of the first part of my talk where I gave you a brief overview of the detailed population balance model. Now I would like to focus on the algorithms used in the model.The overall model may be thought of to consist of two parts: the kinetic model which describes the gas-phase chemistry and the stochastic particle model to describe the particle processes. To avoid a direct coupling the Method of Moments with Interpolative Closure (MoMIC) or other simplified numerical methods can be used to provide approximations to the effects of the soot population during the solution of the gas-phase chemistry and then recalculating the soot population with a stochastic particle model in a post-processing step.However accuracy requires a close coupling which can be achieved using operator splitting techniques. There are different methods that can be used. The two that we use are: the simple Strang splitting and the more complex Predictor-Corrector algorithm. I will give some examples before moving on to the algorithm as implemented in the model.Perhaps the simplest algorithm to solve the population balance equation is the direct simulation algorithm. However, there are inherent problems with the method which can be addressed with the more complex stochastic weighted algorithm.I will then finish off with some of the techniques we have developed over the years – within the group as well as through our collaborations - to improve the computational efficiency of the model.



Operator splitting technique 

• Divide and conquer strategy 

𝑑
𝑑𝑑

𝑥
𝑦 = 𝑓 𝑥,𝑦 ≡ 𝑓1 𝑥, 𝑦 + 𝑓2 𝑥,𝑦  

 

• First-order splitting: first solve for 

𝑑
𝑑𝑑

𝑥
𝑦 = 𝑓1 𝑥,𝑦  

followed by 

𝑑
𝑑𝑑

𝑥
𝑦 = 𝑓2 𝑥, 𝑦  

 

Presenter
Presentation Notes
What is operator splitting? It can be said to be a divide and conquer strategy where one divides a problem into simpler sub-problems which may be individually treated with simpler and more practical algorithms.Suppose we wish to solve for x and y, and the function f can be broken up into two components f1 and f2. A first-order splitting method is defined by first integrating … followed by …



Operator splitting technique 

• Second-order splitting: Strang splitting 

𝑑
𝑑𝑑

𝑥
𝑦 =

1
2
𝑓1 𝑥,𝑦  

𝑑
𝑑𝑑

𝑥
𝑦 = 𝑓2 𝑥, 𝑦  

𝑑
𝑑𝑑

𝑥
𝑦 =

1
2
𝑓1 𝑥,𝑦  

 

Presenter
Presentation Notes
Through a slight modification the splitting may be second order accurateInstead of integrating f1 and f2 over a full time step, we integrate … for half a time step, … for a full time step and finally … for a half time step



Operator splitting: Examples 

• Lotka-Volterra predator-prey equations 

𝑑
𝑑𝑑

𝑥
𝑦 = 𝑥 𝑦 − 2

𝑦 1 − 𝑥  

• With 𝑧 = 𝑥,𝑦 𝑇, a simple splitting is 

𝑓1 𝑥,𝑦 = 𝑥 𝑦 − 2
0

, 𝑓2 𝑥,𝑦 = 0
𝑦 1 − 𝑥  

Presenter
Presentation Notes
Take for example the classic Lotka-Volterra predator-prey equations which are a pair of first-order, non-linear, differential equations. x is the number of predator, for example, foxes [click] and y is the number of prey, for example, rabbits. [click]With z as the solution vector and x and y as the two solution components, a simple splitting is as follows.



Operator splitting: Predictor-Corrector 

• Consider the differential equation 

𝑑𝑧
𝑑𝑑

= 𝑓 𝑧  

• We approximate 𝑓 𝑧  by a polynomial so that 

𝑧𝑛+1 = 𝑧𝑛 + ℎ 𝛽0𝑧𝑛+1′ + 𝛽1𝑧𝑛′ + 𝛽2𝑧𝑛−1′ + 𝛽3𝑧𝑛−2′ + ⋯  

 

Where 𝑧𝑛′ = 𝑓 𝑧𝑛 , 𝑧𝑛−1′ = 𝑓 𝑧𝑛−1 , 𝑧𝑛−2′ = 𝑓 𝑧𝑛−2 ,⋯ 

 

 

Presenter
Presentation Notes
Let’s move on to a more complicated example: the Predictor-Corrector algorithmConsider the differential equation, where z may be a vector of dependent variablesLet’s say to advance the solution from zn to zn+1 we approximate the differential by a polynomial where the betas are constants of the polynomial fit and zn’ is the differential equation evaluated at time step n, and so on. [click] If beta0 is zero, the method is explicit – the polynomial depends only on previous points. Otherwise, it is implicit. It is important to make this distinction as it is integral to the Predictor-Corrector algorithm.



Operator splitting: Predictor-Corrector 

1. Predictor step: explicit method to predict 𝑧𝑛+1  

2. Corrector step: implicit method to use predicted 𝑧𝑛+1 to correct 𝑧𝑛+1 

 

𝑧𝑛+1 = 𝑧𝑛 + ℎ 𝛽0𝑧𝑛+1′ + 𝛽1𝑧𝑛′ + 𝛽2𝑧𝑛−1′ + 𝛽3𝑧𝑛−2′ + ⋯  

 

𝑧𝑛+1 = 𝑧𝑛 + ℎ 𝛽0𝑧𝑛+1′ + 𝛽1𝑧𝑛′ + 𝛽2𝑧𝑛−1′ + 𝛽3𝑧𝑛−2′ + ⋯  

 

 

Presenter
Presentation Notes
As its name implies, the Predictor step of the algorithm involves using the explicit form of the polynomial fit to predict zn+1. The Corrector step involves taking the predicted value [click] and correcting it using the implicit form of the polynomial fit. [click] Finally, we may iterate a number of time with the Corrector until convergence.



Operator splitting technique 

• The rates of certain particle processes depend on the concentration of 
certain gas-phase species.  

 

 

 

 

• The gas-phase chemistry and the particle processes are coupled 

• Technique to couple a stochastic particle model to gas-phase chemistry 

Inception 
(collision efficiency model): 

Presenter
Presentation Notes
Now we are going to look at the operator splitting technique as applied in our modelThe rates of certain particle processes depend on the concentration of certain gas-phase species. Take for example the inception of silica nanoparticles. Two silicic acid Si(OH)4 monomers in the gas phase collide to form a silica nanoparticle. The process involves the withdrawal of two Si(OH)4 monomers from the gas phase and the addition of a water molecule to the gas phase. Therefore the gas-phase chemistry and the particle processes are inherently coupled.To realise this coupling the operator splitting technique is used



State space 

The state of the system (𝑄) at any time consists of two components 

1. The first component (𝑄1) contains the concentration of the chemical 
species 𝐶: 

𝑄1 = 𝐶𝑘 ∶ 𝑘 ∈ 1,⋯ ,𝑁𝑔  

2. The second component (𝑄2) is the stochastic particle system: 

𝑄2 = 𝑃𝑞 ∶ 𝑞 ∈ 1, … ,𝑁  

Presenter
Presentation Notes
The state of the system Q at any time consists of two components. The first component Q1 contains the concentration of the chemical species where Ck is the gas-phase concentration of the kth species and Ng is the number of gas-phase species. The second component Q2 is the stochastic particle system where Pq is the qth particle in the system and N is the total number of particles in the system. 



Operator splitting technique 

• Evolution of the state of the system 𝑄: 

𝑑
𝑑𝑑

𝑄1
𝑄2

= 𝐺1 𝑄1
𝐺2 𝑄1,𝑄2

+ 𝑃1 𝑄1,𝑄2
𝑃2 𝑄1,𝑄2

 

• Operator G represents the effects of gas-phase chemical reactions on 
the system and operator P indicates the effects of the particle processes 
on the system. 

• Subscripts 1 and 2 denote gas-phase and particle-phase, respectively. 

• The gas-phase chemistry is best solved using an implicit ODE solution 
technique, as there are only a finite number of gas-phase variables. 

 
M. Celnik, R. Patterson, M. Kraft, W. Wagner, Combust. Flame 148 (2007) 158–176 

 

Presenter
Presentation Notes
The evolution of the state of the system Q which is made of two components Q1 and Q2 may be written as the sum of two terms. The operator G represents the effects of gas-phase chemical reactions on the system and the operator P indicates the effects of the particle processes on the system. The subscripts 1 and 2 denote gas-phase and particle-phase, respectively.The details of each of these operators fall outside the scope of this talk but for all purposes it enough to know that G1 is the gas-phase operator operating on the gas-phase chemical mechanism (this has no particle dependence), G2 indicates the change to the particle ensemble due to gas-phase processes, P1 is the change to the gas-phase chemistry due to particle processes, P2 is the change to the particle ensemble due to particle processes.The gas-phase chemistry is best solved using an implicit ODE solution technique, as there are only a finite number of gas-phase variables – species concentrations and temperature



Operator splitting: Strang splitting 

Input: State of the system 𝑄0 = 𝑄1,0 + 𝑄2,0 at initial time 𝑑0; Final time 𝑑𝑓.Output: State of the system 𝑄𝑓 at final time 𝑑𝑓. 

𝑑𝑖 ⟵ 𝑑0, 𝑄𝑖 ⟵ 𝑄0; 

while 𝑑𝑖 < 𝑑𝑓 do 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
end 
 

Integrate over time interval 𝑑𝑖 , 𝑑𝑖 + ℎ
2

 
𝑑
𝑑𝑑

𝑄11

𝑄21
=

𝐺1 𝑄11

𝐺2 𝑄11,𝑄21
 

 
With initial conditions  

𝑄11 𝑑𝑖
𝑄21 𝑑𝑖

=
𝑄1,𝑖
𝑄2,𝑖

 

Solve over time interval 𝑑𝑖 , 𝑑𝑖 + ℎ  
 

𝑑
𝑑𝑑

𝑄12

𝑄22
=

𝑃1 𝑄12,𝑄22

𝑃2 𝑄12,𝑄22
 

 
With initial conditions 

𝑄12 𝑑𝑖
𝑄22 𝑑𝑖

=
𝑄11 𝑑𝑖 + ℎ/2
𝑄21 𝑑𝑖 + ℎ/2

 

Integrate over time interval 𝑑𝑖 + ℎ
2

, 𝑑𝑖 + ℎ  
𝑑
𝑑𝑑

𝑄13

𝑄23
=

𝐺1 𝑄13

𝐺2 𝑄13,𝑄23
 

 
With initial conditions  

𝑄13 𝑑𝑖
𝑄23 𝑑𝑖

=
𝑄12 𝑑𝑖 + ℎ
𝑄22 𝑑𝑖 + ℎ

 

Assign solution at 𝑑𝑖+1 = 𝑑𝑖 + ℎ 
 

𝑄1,𝑖+1
𝑄2,𝑖+1

⟵
𝑄13 𝑑𝑖 + ℎ
𝑄23 𝑑𝑖 + ℎ

 

𝑖 ⟵ 𝑖 + 1 

ODE 
solver 

 
 

DSA 

ODE 
solver 

Presenter
Presentation Notes
Here is the statement of the operator splitting algorithm, in particular, Strang splittingThe input to the system is the state of the system Q0 which is made up of gas-phase and particle process components, Q1,0 and Q2,0, respectively, at initial time t0. The second input is the final time tf. The output is the state of the system Qf at final time tf. Initialising the time and state of the system, the while loop is performed until the simulation time reaches the final time.[click] The gas-phase term (with the particle term set to 0) is integrated over the first half of the time interval with initial conditions at time ti. [click] The state of the system at time ti + h/2 is then supplied as initial conditions where the particle process term (with the gas-phase term set to 0) is integrated for the entire time interval. [click] The state of the system at time ti+h is then supplied as initial conditions where the gas-phase term is again integrated but over the second half of the time interval. [click] Finally, the solution is assigned and the time index is evolved by 1, and the process is repeated.[click] I will explain the Direct Simulation Algorithm (DSA) used in the stochastic particle model a little later in my talk.



Numerical issues 

• Large magnitude 
source term in ODE 
system competing with 
a similarly sized sink 
term in the population 
balance 

• Splitting step size very 
small to keep 
numerical error 
sufficiently low 

 
M. Celnik, R. Patterson, M. 
Kraft, W. Wagner, Combust. 
Flame 148 (2007) 158–176 

Presenter
Presentation Notes
There are several numerical issues when the system is coupled using Strang splitting.The first is competition of source and sink terms from the gas-phase and particle operators, respectively. That is a large magnitude source term in the ODE system competing with a similarly sized sink term in the population balance. For example, the gas-phase species pyrene is produced from smaller molecules by gas-phase reactions but is heavily consumed by the formation and growth of soot particles.The splitting step size has to be very small to keep numerical error sufficiently low which invariably increases the computational time. For long time-steps this resulted in unphysical oscillations in the value of the pyrene concentration, which became very high when the gas-phase operator was applied and very low when the particle operator was applied. Consequently rates of change of other solution components which depended on the pyrene concentration could not be reliably calculated, as shown here for the soot volume fraction.



Numerical issues 

• The system of chemical reactions is inevitably stiff and therefore has to 
be treated with implicit methods, which involve the inversion of Jacobian 
matrices 

• DSA leads to a discontinuous change in the particle system which 
makes the reuse of intermediate results impossible 

• Reinitialize the ODE solver every splitting step 

 

 

 

M. Celnik, R. Patterson, M. Kraft, W. Wagner, J. Comput. Phys. 228 (2009) 2758–2769 

 

 

Presenter
Presentation Notes
Second, the system of chemical reactions represented by Q1 is inevitably stiff and therefore has to be treated with implicit methods, which involve the inversion of Jacobian matrices. Such inversions are computationally expensive and so efficient solvers rely on reuse of intermediate results.However, DSA leads to a discontinuous change in the particle system which makes the reuse of intermediate results impossibleTherefore the ODE solver has to be reinitialised after each splitting step which is computationally expensive.The Predictor-Corrector algorithm addresses both of these issues



Predictor-Corrector algorithm: Predictor step 

Input: Approximate solution 𝑄1,𝑄2,𝑄3,⋯ ,𝑄𝑖 at times 𝑑1 < 𝑑2 < 𝑑3,⋯ , 𝑑𝑖 where 𝑄𝑡 = 𝑄1,𝑡 + 𝑄2,𝑡 

Output: State of the system 𝑄𝑖+1 at time 𝑑𝑖+1. 

 

 

 

 

Fit a vector of polynomials 𝑃0 𝑑  to 𝑚 previous points 
𝑃1 𝑄1,𝑖−𝑚 ,𝑄2,𝑖−𝑚 ,𝑃1 𝑄1,𝑖−𝑚+1,𝑄2,𝑖−𝑚+1 ,⋯ , 𝑃1 𝑄1,𝑖 ,𝑄2,𝑖  

Solve over time interval 𝑑𝑖 , 𝑑𝑖+1   
𝑑
𝑑𝑑

𝑄�10

𝑄�20
=

𝐺1 𝑄�10

𝐺2 𝑄�10,𝑄�20
+ 𝑃0 𝑑

0
 

 
With initial condition 

𝑄�10 𝑑𝑖
𝑄�20 𝑑𝑖

=
𝑄1,𝑖
𝑄2,𝑖

 

Fit a vector of polynomials 𝑄0 𝑑  to 
𝑄1,𝑖−𝑚+1,𝑄1,𝑖−𝑚+2,𝑄1,𝑖 ,𝑄�10 𝑑𝑖+1  

Solve over time interval 𝑑𝑖 , 𝑑𝑖+1   
𝑑
𝑑𝑑
𝑄�20 = 𝐵2 𝑄0 𝑑 ,𝑄�20  

 
With initial condition 

𝑄�20 𝑑𝑖 = 𝑄�20 𝑑𝑖+1  

𝑄�10 𝑑𝑖+1 ,𝑄�20 𝑑𝑖+1
𝑇
 for 𝑑𝑖+1 



Predictor-Corrector algorithm: Corrector step 

Input: Approximate solution 𝑄1,𝑄2,𝑄3,⋯ ,𝑄𝑖 at times 𝑑1 < 𝑑2 < 𝑑3,⋯ , 𝑑𝑖 where 𝑄𝑡 = 𝑄1,𝑡 + 𝑄2,𝑡 

Output: State of the system 𝑄𝑖+1 at time 𝑑𝑖+1 

𝑗 ← 1 

while 𝑗 < 𝐽 do 

 

 

 

 

 

 

 

 

 

 

end 

 

 

 

 

 

Fit a vector of polynomials 𝑃𝑖 𝑑  to 𝑚 + 1 points 
𝑃1 𝑄1,𝑖−𝑚+1,𝑄2,𝑖−𝑚+1 ,𝑃1 𝑄1,𝑖−𝑚+2,𝑄2,𝑖−𝑚+1 ,⋯ , 
𝑃1 𝑄1,𝑖 ,𝑄2,𝑖 ,𝑃1 𝑄�1

𝑖−1 𝑑𝑖+1 ,𝑄�2
𝑖−1 𝑑𝑖+1  

Solve over time interval 𝑑𝑖 , 𝑑𝑖+1   
𝑑
𝑑𝑑

𝑄�1
𝑖

𝑄�2
𝑖 =

𝐺1 𝑄�1
𝑖

𝐺2 𝑄�1
𝑖 ,𝑄�2

𝑖 + 𝑃𝑖 𝑑
0

 

 
With initial condition 

𝑄�1
𝑖 𝑑𝑖

𝑄�2
𝑖 𝑑𝑖

=
𝑄1,𝑖
𝑄2,𝑖

 

Fit a vector of polynomials 𝑄𝑖 𝑑  to 
𝑄1,𝑖−𝑚+1,𝑄1,𝑖−𝑚+2,𝑄1,𝑖 ,𝑄�1

𝑖 𝑑𝑖+1  

Solve over time interval 𝑑𝑖 , 𝑑𝑖+1   
𝑑
𝑑𝑑
𝑄�2
𝑖 = 𝐵2 𝑄𝑖 𝑑 ,𝑄�2

𝑖  
 
With initial condition 

𝑄�2
𝑖 𝑑𝑖 = 𝑄�2

𝑖 𝑑𝑖+1  

𝑗 ⟵ 𝑗 + 1 

Presenter
Presentation Notes
Suppose that an approximate solution Q1, Q2, Q3,…Qi has been calculated at times t1 < t2 < t3, …, tiThe method for advancing the solution to a time ti+1 > ti begins with the Predictor step:The first step involves fitting a vector of interpolating polynomiuals P0(t) defined on ti-m to ti+1 for m previous points.The second step involves using this approximation to P1 to solve…



Numerical efficiency 



Direct Simulation Algorithm (DSA) 

• Solve the population balance equations 

• Every process is directly included in the Monte-Carlo algorithm 

 

 

 

 

 

 

A. Eibeck, W. Wagner, Ann. Appl. Probab. 11 (2003) 845–889 

 

 



Direct Simulation Algorithm (DSA) 

Input: State of the system 𝑄0 at time 𝑑0; Final time 𝑑𝑓. Output: State of the system 𝑄𝑓 at final time 𝑑𝑓. 

𝑑𝑖 ⟵ 𝑑0, 𝑄𝑖 ⟵ 𝑄0; 

while 𝑑𝑖 < 𝑑𝑓 do 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
end 

 

Choose a process 
𝑚 with probability 

𝑃 𝑚 =
𝑅𝑚 𝑄
𝑅𝑡𝑡𝑡 𝑄

 

Increment 
𝑑 ⟵ 𝑑 + 𝜏 

Sinter/round all 
particles and 
update their 
sintering level  

𝑁𝑃𝑃𝑃 < 𝑁𝑔 
𝑁 > 𝑁𝑚𝑎𝑚 

Uniformly select and remove 
a particle from the ensemble 

Calculate an exponentially distributed waiting time 𝜏 
with variable 𝑅𝑡𝑡𝑡 𝑄 : 
𝑅𝑡𝑡𝑡 𝑄 = 𝑅𝑖𝑛𝑖 𝑄 + 𝑅𝑖𝑡𝑎𝑔 𝑄 + 𝑅𝑖𝑡𝑛𝑐 𝑄 + 𝑅𝑠𝑠𝑟𝑓 𝑄  

m = surf 

Uniformly select 
a particle 𝑃𝑞 and 
perform process 

Uniformly select two 
particles 𝑃𝑞 and 𝑃𝑟 
and perform  process 

N<(0.5×Nmax) 

Double the ensemble and 
adjust the sample volume 

Yes 

No Yes No 

Yes 

No 

Presenter
Presentation Notes
Not shown but if the gas-phase chemistry and the particle processes are coupled the gas-phase concentration of the relevant species is adjusted after the particle process is performed



Direct Simulation Algorithm (DSA) 

• Problems with a variable size particle ensemble: 

 Removing particles until no particles remain 

 Attempting to add a particle when there is insufficient space 

 

Presenter
Presentation Notes
With the direct simulation algorithm the number of stochastic particles is not conserved and there are several problems with this.The first is removing particles until no particles remain. Each coagulation event reduces the number of particles by one.The second is attempting to add a particle when there is insufficient space. Each inception event introduces a stochastic particle to the particle ensemble.The doubling and contraction algorithms, respectively, were developed to address these problems



Doubling algorithm 

 
Sample volume, V Sample volume, V’ 

Maximum capacity, Nmax = 8 particles  

Presenter
Presentation Notes
I am going to play a short animation which demonstrates the doubling algorithm. Let’s say that the maximum capacity of the system is 8 particle and initially we have a sample volume V which contains 8 particles. [click] After four coagulation event and the particle count has reached half of the maximum, [click] the particles are copied and the sample volume is doubled.



Doubling algorithm 

• Maintain statistically significant number of particles   

 

 

 

 

 

 

. Shekar, W. J. Menz, A. J. Smith, M. Kraft, W. Wagner, Comput. Chem. Eng. 43 (2012) 130–14 
  Sabelfeld, et al. Monte Carlo Methods and Appl., 2(1):41–87, 1996. 

 

 

 

 

 

Presenter
Presentation Notes
The purpose of the algorithm is to maintain a statistically significant number of particles and avoid gelation of particles into a few big particlesThe figure here shows particle count against residence time for one of our simulation runs. The actual particle count lies in the range of the maximum capacity and half of this maximum, except at early residence times. The spikes are indicative of the doubling algorithm.



Problems with DSA 

• Each stochastic particle represents the same number of physical 
particles 

• DSA yields relatively little information about the rarest particles 

 𝑁benzene~1019 cm−3 and 𝑁soot~1011 cm−3 

• Large amounts of computational effort is spent on very common 
PAHs/particles in order to obtain useful estimates concerning the 
concentrations of rarer, physically significant large particles 

Presenter
Presentation Notes
We have a sample volume which contains, perhaps, tens of thousands stochastic particles. Each of these particles represent the same number of physical particles. In other words there is a direct proportionality between stochastic particle number and physical particle concentration.This implies that DSA yields relatively little information about the rarest particles. Take for example soot. PAHs are thought to be the constituents of soot particles and the number density of the smallest PAH, a benzene molecule, is about 10^19 cm-3. The number density of soot particles is 10^11 cm-3. Modelling the concentration of PAHs and soot using DSA implies modelling concentrations spanning 8 orders of magnitude.Coagulation problems require large amounts of computational effort to be spent on very common PAHs or particles in order to obtain useful estimates concerning the concentrations of rarer, physically significant large particles



Stochastic weighted algorithm (SWA) 

• A pair of particles coagulate such that: 

𝑥𝑖 ,𝑤𝑖 , 𝑥𝑖 ,𝑤𝑖 → 𝑥𝑖 + 𝑥𝑖 , 𝛾 𝑥𝑖 ,𝑤𝑖 , 𝑥𝑖 ,𝑤𝑖 , 𝑥𝑖 ,𝑤𝑖  

Where 𝑤 is the statistical weight and 𝛾 is a weight transfer function 

• Coagulation events do not reduce the number of stochastic particles 

• Adjust the weight that is attached to each stochastic particle 

• This weight is proportional to the number of ‘real’ particles represented 
by the stochastic particle 

 

 

R. I. A. Patterson, W. Wagner, M. Kraft, J. Comput. Phys. 230 (2011) 7456–7472 

 

 

 

Presenter
Presentation Notes
In SWA coagulation events are asymmetric. A pair of particles of type xi and xj with statistical weights wi and wj coagulate.In DSA, the weight of particles xi and xj is 1 which coagulate to form a single particle of type xi+xj with a weight of 1. In SWA, the stochastic particle xj,wj is unaffected, but the new particle of type xi is constructed using xj,wj. The new statistical weight is calculated with the weight transfer function. This may be the conservation of weights or mass.In summary, coagulation events do not reduce the number of stochastic particles but instead the weight that is attached to each stochastic particle is adjusted. The weight is proportional to the number of ‘real’ particles represented by the stochastic particle, thus overcoming the problems mentioned earlier with DSA.



Stochastic weighted algorithm (SWA) – Case study 

TEOS
Si OC2H5 4

→ Silicic acid
Si OH 4

→ Silica 

Model 
parameters 

Values 

𝑀0,max (m-3) 1.55 × 1018 
𝐴s (sm-1) 1.1 × 1016 
𝐸s (K) 1.2 × 105 

𝑑pri,crit (nm) 4.4 

𝑠 1.0 

Process settings 
 

Values 

Initial temperature 
(°C) 

900 

Residence time 
(s) 

0.8 

Initial TEOS 
fraction 

250 ppm 

Initial total 
pressure (atm) 

1.0 

Presenter
Presentation Notes
I am now going to present a case study where the detailed population balance model utilising the stochastic weighted algorithm was used to study the structure and composition of silica nanoparticles formed from TEOS (or tetraethoxysilane) by thermal decomposition



Stochastic weighted algorithm (SWA) 

• SWA solution should converge in the limit to DSA solution 

• SWA1 = conservation of weight; SWA3 = conservation of mass 

 

 

 

 

 

 

W.J. Menz, R.I.A. Patterson, W. Wagner, M. Kraft, J. Comput. Phys. 248 (2013) 221–234 

 



Stochastic weighted algorithm (SWA) 

• SWA shows convergence for fewer stochastic particles 

• SWA has a smaller confidence interval than DSA 

𝑁max 
 

Particle volume fraction 

𝑁max 
 

Mean primary diameter 



Stochastic weighted algorithm (SWA) 

Presenter
Presentation Notes
Here is a comparison of the coagulation process implemented in DSA (on the left) and SWA (on the right).[click] The Linear Process Deferment Algorithm (LPDA) and the concept of fictitious jumps are techniques that were developed to improve computational efficiency which I will focus on later.In a stochastic coagulation process, two particles are first selected to coagulate. Assuming that the jump is not fictitious, for DSA, the second particle is added to the first, and the ‘old’ second particle is deleted. As explained earlier, the ensemble will eventually deplete if not  somehow replenished. This is done by doubling the ensemble when the number of computational particles N(t) falls below half of the maximum capacity Nmax.When using SWA, the weight of the first particle is adjusted according to the weight transfer function, the second particle is added to the first, and the second particle is left unchanged. As no particles are deleted, there is no need for a doubling algorithm.



Linear Process Deferment Algorithm (LPDA) 

• Nonlinear processes cannot be neglected but are dominated in rate by 
linear ones 

 

 

 

 

 

 

 

 

 

 

R.I.A. Patterson, J. Singh, M. Balthasar, M. Kraft, J.R. Norris, SIAM J. Sci. Comput. 28 (2006) 303–320 

 

𝑑stop 𝑑start 𝑑1 Inception 

Surface growth on 
entire ensemble 

𝑑2 ⋯ Coagulation Condensation 

𝜏 

Presenter
Presentation Notes
Over the next set of slides I will go through some of the techniques used to improve computational efficiency. The first of which is the Linear Process Deferment Algorithm. As its name implies linear processes are deferred. Inception, coagulation and condensation are nonlinear processes as they involve two particles. Whereas surface growth is a nonlinear process as it acts upon the PAHs within a single particle.LPDA finds its applicability in systems where nonlinear processes cannot be neglected but are dominated in rate by linear ones.Our simulation timeline is made up of a number of time intervals, t1, t2, etc. [click] The total rate of inception, coagulation and condensation is calculated and a particle process is probablistically selected according to this rate. Note that the surface growth rate is excluded from the total rate. [click] Instead, each time a particle pair is selected surface growth which has been deferred is performed before the particle process is performed.At the end of each time interval surface growth is performed on the entire ensemble to ensure that the ensemble is not too out of date.



LPDA -  Case study 

• Soot formation in laminar premixed ethylene flames 

Flame no. Pressure 
(bar) 

C/O Cold gas 
velocity 
(cm/s) 

𝑻𝐦𝐦𝐦 

1 10 0.68 6.0 1880 
4 1 0.69 5.9 1711 



LPDA -  JW1.69 

Number of 
tree levels 

Time 
(mins) 

DSA 13 50 
LPDA 13 4.2 

Presenter
Presentation Notes
Time for 10 rep



LPDA -  JW10.68 

Number of 
tree levels 

Time 
(mins) 

DSA 13 8497 
LPDA 13 6.33 

Presenter
Presentation Notes
Time for 10 rep



Coagulation process 

• The total jump rate 𝑅 for coagulation is:  

𝑅 =
1
2
�

𝐾 𝑥𝑖 , 𝑥𝑖
𝑉smp

𝑁 𝑡

𝑖≠𝑖

 

• The transition kernel is a popular choice:  

𝐾tr 𝑥𝑖 , 𝑥𝑖 =
1

𝐾fm 𝑥𝑖 , 𝑥𝑖
+

1
𝐾sf 𝑥𝑖 , 𝑥𝑖

−1

 

Presenter
Presentation Notes
The total jump rate R for coagulation using DSA is… where N(t) is the number of stochastic particles in the ensemble at time t. The function K(xi,xj) represents the physics of the coagulation process, and the transition kernel is a popular choice. It is given by the harmonic average of the free-molecular kernel Kfm (xi,xj) and the slip-free kernel Ksf(xi,xj).



Naïve approach to simulate coagulation 

• Repeated selection of pairs of particles 𝑥𝑖 , 𝑥𝑖 , 𝑖 ≠ 𝑗 from a population 
{𝑥1, 𝑥2,⋯ , 𝑥𝑛} 

• Selection done so that the probability of a pair being selected is: 

𝐾 𝑥𝑖 , 𝑥𝑖
𝑅

,𝑅 = �𝐾(𝑥𝑖 , 𝑥𝑖)
𝑁 𝑡

𝑖≠𝑖

 

• Particles of size 𝑥𝑖 and 𝑥𝑖 are removed and a particle of size 𝑥𝑖 + 𝑥𝑖 is 
added 

 

 

 

Presenter
Presentation Notes
Focusing on the free-molecular regime, a naïve approach to simulate coagulation would be to repeatedly select pairs of particles xi,xj for i not equal to j from a population x1,x2,…,xn. The selection is done so that the probability of pair being selected is… In this case, the computational time is proportional to N2



Naïve approach to simulate coagulation 

• Generation of the joint probability distribution of 𝑖 and 𝑗 requires 
summing over 𝑂 𝑁2  terms 

• Run time proportional to 𝑁2 
𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 



Majorant kernel 

• A majorant is a function 𝐾� ≥ 𝐾 for which the computational of  

𝑅� = �𝐾�(𝑥𝑖 , 𝑥𝑖)
𝑁 𝑡

𝑖≠𝑖

 

and the particle selection of the distribution 

𝐾� 𝑥𝑖 , 𝑥𝑖
𝑅�

 

are relatively fast. 

 

 
A. Eibeck, W. Wagner, SIAM J. Sci. Comput. 22 (2000) 802–821 
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Presentation Notes
To avoid this crippling time cost, majorant kernels cam be used. A majorant is a function Khat is strictly equal to or greater than K for which the computational of … and the inversion for particle selection purposes of the distribution … are relatively fast. 



Fictitious jumps and majorant kernel 

• Possible to recover the distribution and rate defined by 𝐾 by rejecting 
the selection of a pair of particles 𝑥𝑖 , 𝑥𝑖 with probability: 

1 −
𝐾(𝑥𝑖 , 𝑥𝑖)
𝐾� 𝑥𝑖 , 𝑥𝑖

 

• The full free-molecular kernel: 

𝐾fm 𝑥𝑖 , 𝑥𝑖 = 2.2
𝜋𝑘𝐵𝑇

2

1
2 1
𝑚𝑖

+
1
𝑚𝑖

1
2
𝑑𝑖 + 𝑑𝑖

2 

• The free-molecular majorant kernel: 

𝐾�fm 𝑥𝑖 , 𝑥𝑖 = 2.2𝑘maj
𝜋𝑘𝐵𝑇

2

1
2 1

𝑚𝑖
+

1
𝑚𝑖

𝑑𝑖2 + 𝑑𝑖2  

 

 

Presenter
Presentation Notes
It is then possible to recover the distribution and rate defined by K by rejecting the selection of a pair of particle xi,xj with probability … In this case, the computational time proportionality has been reduced to N.The slip-flow kernel does not need a majoprant due to its simple form. 



Fictitious jumps and majorant kernel 

• The total majorant rate: 

�𝐾�fm 𝑥𝑖 , 𝑥𝑖

𝑁 𝑡

𝑖≠𝑖

= 2.2𝑘maj
𝜋𝑘𝐵𝑇

2

1
2

𝑁 𝑑 − 1 �𝑑𝑖2𝑚𝑖
−12

𝑁 𝑡

𝑖=1

+ �𝑚𝑖
−12

𝑁 𝑡

𝑖=1

� 𝑑2
𝑁 𝑡

𝑖=1

+ �𝑑𝑖2𝑚𝑖
−12

𝑁 𝑡

𝑖=1

 

• Independent generation of the indices 𝑖 and 𝑗 reduces the 
computational time to 𝑂 𝑁log𝑁  

 

 

 

 

 
A. Eibeck, W. Wagner, SIAM J. Sci. Comput. 22 (2000) 802–821 
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The number of computational events scale linearly with the number of particles (N) and the ensemble properties are cached in a binary tree structure which has O(logN) levels. Therefore it is expected that the computational time is of O(NlogN).



LPDA, fictitious jumps and majorant kernel 

Select two particles 
for coagulation  

Calculate majorant 
coagulation rate 

Perform LPDA and sintering 
updates on particles 

Calculate true 
coagulation rate Add particle 2 to particle 1 

Delete particle 2 Adjust particle 1’s weight 

Add particle 2 to particle 1 
(leave particle 2 unchanged) 

Update ensemble 
statistics Duplicate ensemble 

Is the jump 
fictitious? 

Is 𝑁 𝑑 <
0.5 ∗ 𝑁max? 

Direct Simulation Algorithm 

Stochastic Weighted Algorithm 
No No 

No 

Yes 

Yes 
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Presentation Notes
Here is a summary of how LPDA and the concept of fictitious jumps and majorant kernel feature in the overall algorithm.Two particles are first selected to coagulate. The majorant coagulation rate is calculated for the pair of particles selected. LPDA or surface growth is performed on the selected pair of particles regardless of whether the coagulation process is performed. The true coagulation rate is calculated for the pair of particles and the probability of rejecting the selected pair of particles is calculated.



Burner-stabilised stagnation flame 

 

 

 

 

 

• Sample probe integrated into plate 

• Temperature profiles and PSDs measured by Wang & co-workers 

 

A.D. Abid, J. Camacho, D.A. Sheen, H. Wang, Combust. Flame 156 (2009) 1862–1870 
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I am going to finish off with an example where the detailed population balance model was applied to a burner-stabilised stagnation flame.A sample probe is typically placed across the flame and particle size distributions (PSDs) would be measured by a scanning mobility particle sizer (SMPS). This sampling technique is inherently intrusive and perturbs the flame. For this reason a premixed burner-stabilised stagnation flame configuration was introduced where the sample probe is integrated into a water-cooled stagnation plate acting as a flow stagnation surface for which pseudo-one-dimensional numerical solution of the flame problem becomes feasible.



Soot morphology: PAH evolution 

E.K.Y. Yapp, D. Chen, J. Akroyd, S. Mosbach, M. Kraft, J. 
Camacho, H. Wang, Combust. Flame 162 (2015) 2569–2581 

Presenter
Presentation Notes
Shown is the computed temperature profile for the flame with a stagnation plate separation of 1.2 cm. Marked on the profile are 5 different points, A to E, which shows the evolution of the same PAH throughout the flame.



Soot morphology: inception zone 

 

E.K.Y. Yapp, D. Chen, J. Akroyd, S. Mosbach, M. Kraft, J. 
Camacho, H. Wang, Combust. Flame 162 (2015) 2569–2581 
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Shown on the right-hand side is a computed fringe length distribution, sintering level distribution and pseudo-TEM image at Point D, which may be classified an  inception zone. The sintering level distribution peaks at a value of 1 corresponding to spherical particles and this is confirmed by TEM image which shows polydispersed spherical particles.



Soot morphology: aggregate formation 

 

E.K.Y. Yapp, D. Chen, J. Akroyd, S. Mosbach, M. Kraft, J. 
Camacho, H. Wang, Combust. Flame 162 (2015) 2569–2581 
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Further along the flame at Point E, aggregates are formed. The sintering level distribution broadens with the sintering level ranging between 0, aggregates where primary particles are in point contract, and 1, spherical particles. This is reflected in the TEM image. 
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Conclusions 

• Detailed population balance model describes the evolution of 
aggregates composed of primary particles which are in turn composed 
of individual polycyclic aromatic hydrocarbons 

• Particles are subjected to inception, coagulation, condensation, 
sintering and a detailed set of surface growth jump processes 

• Gas-phase chemistry and particle processes may be coupled through 
an operator splitting technique 

• The simplest stochastic particle method for kinetic population balance 
equations is the direct simulation Monte Carlo method but has its flaws 



Conclusions 

• Stochastic weighted algorithm is shown to offer computational 
advantage over direct simulation algorithm in situations where interest is 
focused on the larger particles in a system 

• Where nonlinear processes cannot be neglected but are dominated in 
rate by linear ones, deferment of the linear processes is shown to 
reduce run time by a factor of up to 1000 

• Replacement of the actual coagulation kernel by a majorant kernel 
reduces run time proportionality from N2 to N 

• The detailed particle model was applied to a burner-stabilised 
stagnation flame and used to model quantities which may be directly 
compared with experiments 
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