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Abstract

Disordered carbons comprise graphene fragments assembled into three dimen-
sional networks. It has long been debated whether these networks contain positive
curvature, as seen in fullerenes, negative curvature, as proposed for the schwarzite
structures, or zero curvature, as in ribbons. We present a mesh-based approach to
analyse the topology of a set of nanoporous and glassy carbon models that accu-
rately reproduce experimental properties. Although all three topological elements
are present, negatively curved structures dominate. At the atomic level, analysis of
local environments shows that sp- and sp3-bonded atoms are associated with line
defects and screw dislocations that resolve topological complexities such as termina-
tion of free edges and stacking of low curvature regions into ribbons. These results
provide insight into the synthesis of porous carbon materials, glassy carbon and the
graphitisability of carbon materials.

Highlights

• Self-assembled carbon networks representing the most experimentally accurate and
large models for disordered carbon materials were analysed.

• A new mesh-based analysis showed that the global curvature was saddle-like.

• Layering arose from density driven screw dislocations and a variety of non-graphene-
like defects.
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1 Main text

Determining the topology of disordered graphene networks is a long-standing problem in
carbon science. In the 1940s, Rosalind Franklin observed stacked graphitic crystallites
emerging during heat treatment of carbons. In isotropic (non-graphitising) carbons these
crystallites did not align and could not grow into large graphitic crystals, being restricted
in their size and degree of stacking. Franklin proposed that crosslinks between the crys-
tallites maintain their 3D connectivity and inhibited alignment [10]. In the 1960s, high
resolution transmission electron microscopy (HRTEM) showed crosslinks between crys-
tallites to be curved ribbon structures. Jenkins and Kawamura proposed a knotted ribbon
model containing branches and forks [17]; using the language of differential geometry,
we could describe such structures as locally Gauss flat, i.e. curvature K ≈ 0, with only
one non-zero principle axis of curvature [13]. However, this branched topology creates
high porosity and large fractions of reactive edges, inconsistent with experiments [14].

The 1985 discovery of fullerenes provided new connectivity possibilities within graphene
networks [18]. Harris, in 1997, was the first to suggest fullerene-like structures in isotropic
carbons, evidenced from his electron micrographs of polygonalised structures in glassy
carbons and imaging of single pentagonal rings in microporous carbons [14]. Pentag-
onal rings within a hexagonal network introduce bowl-shaped or Gauss positive curva-
ture, K > 0. While fullerene-like graphenes help to resolve many structural features of
carbons [14], the positive curvature of fullerenes cannot create three-dimensional (3D)
connected networks. Inspired by Schwartz’s study of triply periodic minimal surfaces,
Mackay and Terrones proposed 3D carbon networks warped by≥7-membered rings, pro-
viding saddle-shaped or Gauss negative curvature, K < 0 [21]. These schwarzite struc-
tures are theoretically purely sp2, low reactivity nanoforms that form a continuous solid.
Layered schwarzites have been computationally explored but the connectivity requires
high symmetry [25], contrary to the low-symmetry found in electron microscopy experi-
ments [14]. Another topological element that has found recent experimental [2, 16] and
theoretical [3] support is Y-shaped or T-shaped junctions which connect graphene frag-
ments via a line defect of sp3 bonds. Although these junctions create porosity, they require
high symmetry and many more sp3 bonds than are observed experimentally [27]. Despite
the evidence for all of these topological textures, it is not obvious how to combine the
various structural elements into a coherent 3D model. In this letter, we address this prob-
lem by making use of a suite of recently constructed 3D graphene networks. Using a
surface mesh approach, we analyse the topology of the networks and extract the global
curvature. This analysis allows us to address two key questions: (i) to what degree does
each topology contribute to the curvature? and (ii) how do these textures coexist?

The 3D graphene networks have been previously reported by ourselves, and were gener-
ated via self-assembly of carbon atoms using an annealed molecular dynamics method-
ology [8]. The models span a density range from 0.5 to 1.5 g/cm3. Containing around
32,000 atoms, the structures were large enough to contain all of the topological features
described above, including ribbons, micropores, fullerene-like curvature and schwarzite-
like curvature. Extensive characterisation agreed well with experimental data, such as
HRTEM, X-ray and neutron diffraction scattering, electron energy loss spectroscopy,
pore-size distributions, mechanical properties and thermal conductivity. [6–8, 28].
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Figure 1: (a) Periodic disordered carbon network. (b) Enlarged region of the network
showing the construction of the triangular mesh: vertices (red dots) are placed
on sp2 atomic sites (Vsp2) and at the centre of each polyaromatic ring (Vrings);
vertices are connected via edges (blue lines) overlapping atomic bonds (Esp2)
and linking the centre of each ring to its vertices (Ering). The angles around one
vertex are shown for the computation of the angular defect. (c) Surface mesh
resulting from the procedure.

The standard approach to probe the topology of disordered graphene networks uses ring
statistics [8, 9, 31]. An excess of pentagons over heptagons gives a net positive curvature,
as in fullerenes, and an excess of heptagons and octagons over pentagons gives negative
curvature, as in schwarzites. The rings are related to connectivity according to the well-
known Euler-Poincaré polyhedral equation,

+∞

∑
n=3

(6−n)Fn = 12(1−g) . (1)

Eq. 1 relates the sum of rings or faces, Fn, with cycle count, n, to the genus, g, of
the network (genus being a measure of the number of “holes” or “handles” in a sur-
face) [13, 26]. For example to connect a periodic carbon schwarzite in 3D, the network
must possess at least three holes, g≥ 3. This sets the requirement from Eq.1 for an excess
of non-hexagonal rings, Fn, with n ≥ 7 providing a negatively Gaussian curved network
in schwarzites. However, Eq.1 does not hold for disordered carbon structures as the net-
works are not purely sp2-bonded.

Here we use a novel approach that allows us to determine the topology within a disordered
carbon network. The first step involves the construction of a triangular mesh from the ring
network. In Fig. 1(a) we show one of our graphene networks (0.5 g/cm3), with an enlarged
region in Fig. 1(b) illustrating the mesh construction. The Franzblau algorithm [11] was
used to locate rings up to octagons, as larger rings are found to be associated with non-sp2

vacancies. A vertex is placed at the geometric centre of each ring, Vring and at each atomic
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Figure 2: (a-d) Annealed molecular dynamics geometries at densities 0.5, 0.7, 0.9 and
1.1 g/cm3 with pentagonal, heptagonal and octagonal rings have been coloured
blue, red and yellow respectively. (e-h) Angular defect plotted on the mesh. (i-l)
Histogram of the angular defect with the zero defect (orange line) and average
angular defect δ̄ value in degrees (dashed green line).

site in the rings, Vsp2 . These vertices are then joined by edges to the adjacent carbon
atoms, Esp2 and to the ring vertices, Ering. This mesh provides a unique surface or graph,
G = {Vsp2,Vring,Esp2,Ering}, as shown in Fig. 1(c). The angular defect, δ , is defined as the
difference between the sum of m angles, θi, around each vertex V = {Vsp2,Vring}, as shown
in Fig. 1(b),

δ = 2π−
m

∑
i

θi. (2)

Meaning that a vertex on a plane has an angular sum of 2π giving δ = 0, while a vertex
at a bowl-shaped region has an angular sum less than 2π giving δ > 0 and for saddle-
shaped vertices δ < 0. Thus δ gives the sign of the Gaussian curvature for these triangular
meshes [4]. The angular defect is not computed at vertices at the perimeter/edge (sp-
bonded carbons) or tetrahedral carbon atoms (sp3-bonded carbons), providing insight into
the local curvature of the sp2 surfaces.

Figure 2 shows a subset of the analysed networks. At the lowest densities, significant
porosity and no stacking of layers is observed, while above 0.9 g/cm3 stacks of at least
three graphene layers appear. Figure 2(a-d) shows non-hexagonal rings coloured by cy-
cle number n: blue pentagons, red heptagons and yellow octagons. These rings form
chains known as line dislocations or grain boundaries of alternating pentagons and hep-
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tagons, which have been imaged in 2D polycrystalline graphenes [33] and 3D porous
carbons [12]. When these dislocations arrange into closed loops with equal number of
5- and 7-membered rings they cancel any net global curvature and allow for 2D connec-
tivity. In our networks we have identified both closed and open loops, as observed in the
Fig. 2(a), with a predominance of open loops and isolated non-hexagonal rings. While the
closed loops gives rise to planar regions, open loops and isolated non-hexagonal rings are
identified in regions of local positive and negative Gaussian curvature. However as men-
tioned, non-hexagonal rings counting will not suffice for determining the global curvature
in these disordered 3D networks.

Computing the angular defects on each network surface, as shown in Fig. 2(e-h), reveals
regions of both saddle-shaped topology in red and bowl-shaped topology in blue. Visual
examination of the structures confirms that the angular defect accurately captures the re-
gions of positive and negative Gaussian curvature. Plotting the histograms of the angular
defects, in Fig. 2(i-l), shows a distribution closely centred around δ = 0, which means
K = 0. However, a clear asymmetry was found in all distributions towards negative cur-
vature, as shown by the average angular defect δ̄ < 0. A sensitivity analysis involving ten
8788-atom structures confirms that the results are statistically robust (See Supplementary
Material [1]).

The significance of this net-negative curvature for 3D disordered graphene networks can
be further understood in terms of idealised sp2 nanoforms. For schwarzites the excess
negative curvature allows for openings in the networks while continuously connecting in
3D, as given by Eq. 1. In contrast, fullerenes having an excess positive curvature are pe-
riodically closed. Ideal graphite, having average curvature of zero, can only possess con-
nectivity in two dimensions. As our networks are predominantly sp2 (95–97%), therefore
approximating ideal carbon nanoforms, we could expect the connectivity to arise from a
similar topological argument that net-negative curvature is a requirement for continuous
3D connectivity.

Considering the naming of these networks it would be inappropriate to describe them as
purely schwarzite-like due to the presence of positively curved, fullerene-like regions.
Recently Schwerdtfeger [26] proposed the name Gn-fulleroid to define a high genus net
negatively curved closed carbon network containing both 5-membered and≥ 7-membered
rings, i.e. regions of both positive and negative Gauss curvature (as opposed to a fullerene
which contains only 5- and 6-membered rings). As it is inappropriate to ascribe a genus
related to the topology due to the presence of edge defects, we suggest these disordered
graphene networks have net negative fulleroid-like topology.

While the global curvature of these networks are all similar, the microstructure is very
different depending on the density of the network. At low densities, the network consists
of single-layer graphene enclosing connected pores, while at high densities randomly ori-
ented stacks of graphene ribbons develop reducing the porosity of the network to a few
isolated voids [8]. Figure 3 shows the computed XRD spectra with the region correspond-
ing to the 002 X-ray reflection highlighted, characteristic of layered graphene [10]. For
the highest density network prepared at 1.5 g/cm3 this 002 peak is clearly observed [6].
For the porous carbon series the peak starts to develop from 0.9 g/cm3, as a low scatter-
ing angle shoulder appears corresponding to the visual inspection of two or three stacked
ribbons.
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Figure 3: Computed X-ray diffraction pattern for simulated glassy carbon (top) [6] and
porous carbon networks [7, 8]. The 002 peak associated with layering is high-
lighted. The snapshots show a 10 Å slab of the full structures.

Further detailed visualisation of the bonding networks allows identification of non-sp2-
bonded atom defects as the key to the coexistence of curved ribbons and stacked layers
(see Fig. 4(a-d)). Table 1 shows the number of defects as a function of density. Y/T-shaped
junctions involve a line of sp3 defects terminating a graphene sheet perpendicularly to
another (see Fig. 4(a)). These dominate at intermediate densities. Free edges involve
sp-bonded atoms terminating a graphene sheet (see Fig. 4(b)i). These defects are found
at all densities and vary in length; in the case of the 0.9 g/cc structure the free edges are
extensive >10 rings). Interlayer bonding occurs when two regions of positive Gaussian
curvature are bonded via an sp3 atom (see Fig. 4(b)ii). While these defects are rare, they
contribute to the 3D connectivity by linking two regions of positive curvature.

In Fig. 4(c,d) a screw dislocation defect is highlighted from two different angles. As
density increases and layering occurs, these defects become more common. Screw dislo-
cations are free edges wound into a spiral (resembling a log(z) Riemann surface), well-
known in graphite [15, 29], anthracite [32] and found in computationally generated 2D
pyrocarbon models [19]. These screw dislocations allow the stacked layers to contin-
uously connect and inhibit ideal ABAB (Bernal) stacking. At the highest densities we
observe a small number of buckled edges, which form lines of sp-bonded atoms (see
Fig. 4(e)). These resemble closed edges seen in HRTEM of bilayer graphene [20].

Crosshatching occurs when two ribbons, parallel to each other in one of their axes but
perpendicular in the other, form a region of sp3-bonding, as shown in Fig. 4(f). This
common feature in HRTEM imaging of glassy carbon has been proposed theoretically by
Balaban [3] but has not been previously achieved in atomistic simulations. The presence
of sp3 bonding in the crosshatching is significant, as traditionally glassy carbon has been
used as the purely sp2-bonded standard calibration material in electron energy loss spec-
troscopy (EELS) [27]. Recently, using magic angle corrections in EELS measurements,
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Figure 4: Slices of the bonding network with sp atoms coloured red and sp3 atoms
coloured blue. (a) Y/T junction, (b) free edges (i) and interlayer bonding (ii),
(c) and (d) a screw dislocation from two different angles, (e) buckled edges and
(f) crosshatched ribbons. Yellow and orange highlighting are provided to guide
the eye.

we found evidence for a small fraction of non-sp2-bonded atoms in glassy carbon [27],
matching the 5% predicted from our self-assembled carbon model (corresponding to the
1.5 g/cm3 network) [6]. These non-sp2 defects are critical to resolving the topological
complexities arising from layering. In particular, the screw dislocations enable the devel-
opment of layers in these continuously curved disordered graphene networks by avoiding
the requirement of high-symmetry in layered schwarzite nanoforms. Based on the car-
bon science nomenclature [30], we propose that high-density isotropic carbons have a
screwed, stacked, net negative fulleroid-like topology.

These results provide insights into the synthesis of porous 3D graphenes. Since layering is
linked to density, densities below ≈0.9 g/cm3 should be sought to synthesise nanoporous
carbons. These low density, negatively curved, foam-like networks are suitable for ad-
sorption applications as the topological features hold open pores and inhibit layering. The
regions of positive Gauss curvature are of particular interest as they give rise to reactiv-
ity for catalytic applications [22] and a strong flexoelectric charge polarisation, which we
anticipate will significantly effect the adsorption of chemical species such as H2, CO2 and
CH4 [23]. To synthesise a 3D graphene that maintains the unique electronic properties
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Table 1: Number of non-sp2 defects as a function of density for the defects shown in Fig. 4.

Density (g/cc) Y/T-junction Free edge Interlayer Screw Buckled Crosshatch

0.5 4 11 0 0 0 0
0.7 10 16 2 2 0 0
0.9 10 4 0 2 0 1
1.1 6 7 0 6 1 2
1.5 3 6 3 8 2 8

of planar graphene, such as the Dirac fermion electron dynamics, the number of non-sp2

defects must also be reduced. This requires that orientable networks must be constructed
to allow for the graphene to continuously connect in 3D preventing free edges and Y/T
junctions. Such networks can be achieved via templating strategies, as demonstrated by
growing graphene on porous sintered metal supports [16, 24] and as suggested computa-
tionally via zeolite templating [5].

Our analysis also contributes to the ongoing debates on graphitisation. In particular, we
suggest that the 3D connectivity of these net negative fulleroid-like networks is the ori-
gin of their non-graphitisability. Despite containing stacked ribbons, the whole network
would not convert to graphite, since significant bond breaking would be required to re-
duce the connectivity from three to the two dimensions found in a graphitic network. We
recently observed such a change in the dimensionality of glassy carbon. Compressing
glassy carbon to >35 GPa in a diamond anvil cell at room temperature, we achieved the
significant amount of bond breaking necessary to orient the ribbons in 2D and partially
graphitise the glassy carbon network. [27].

In conclusion, the analysis of experimentally verified self-assembled nanocarbon models,
using a new discrete surface mesh approach, allows for the topology of the networks to
be revealed. These models capture, for the first time, all the experimentally observed
topological features in disordered graphene materials from nanoporous through to glassy
carbons. We find the structures possess a net negative fulleroid-like topology indepen-
dent of the microstructural textures present. Densification of the networks gives rise to
layered ribbons. Coexistence of stacks of ribbons within a curved graphene network is
made topologically possible by a small fraction of non-sp2-bonded defects such as screw
dislocations.
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A Appendix

Sensitivity analysis

To estimate the sensitivity of the average angular defect and microstructure to the initial
configuration, a series of replicate simulations were analysed from our previous work [8].
Smaller systems were chosen with 8770 carbon atom and two sets of five replica were
generated using annealed molecular dynamics. Each set of five replica was generated at
two different densities 0.5 g/cc and 1.1 g/cc. Figure S1 shows a slice of the full structure
and the plots of the angular defect distributions. Table 2 and 3 details the variability in the
coordination fraction, ring statistics and average angular defect δ̄ . The mean angular de-
fect for the 0.5 g/cc and 1.1 g/cc of the smaller system are higher compared with the larger
systems (−0.39◦ and−0.40◦ compared with the larger systems−0.15◦ and−0.22◦). This
increase in curvature for the smaller system is anticipated as the smaller extent of the
periodic cell will require greater curvature to connect the network periodically. The per-
centage error for these duplicates can be estimated using a 90% confidence interval as
given by Student’s t-distribution providing percentage errors of 8% and 4% for the 0.5
and 1.1 g/cc respectively. As shown in our previous work, the microstructure is consistent
with the coordination fractions and rings per carbon atoms found to vary minimally. We
also found the same non-sp2 defects were present in all of the structures consistent with
the larger structures analysed in Table I in the main text.

Table 2: Statistical variability analysis at density of 0.5 g/cc. Coordination fractions spn,
rings per carbon atoma Nn from [8] and average angular defects δ̄ are listed
for the five small structures. The mean, standard deviation (SD) and standard-
error-in-the-mean (SEM) are also computed.

Structure sp (%) sp2 (%) sp3 (%) N5 N6 N7 N8 δ̄ (deg)

#1 2.01 96.83 0.48 0.026 0.429 0.030 0.001 −0.44
#2 2.29 96.32 0.47 0.023 0.436 0.025 0.001 −0.34
#3 2.57 96.03 0.44 0.030 0.419 0.031 0.002 −0.38
#4 2.09 96.68 0.41 0.027 0.431 0.027 0.003 −0.41
#5 1.79 96.50 0.32 0.026 0.430 0.029 0.001 −0.37

Mean 2.15 96.47 0.42 0.026 0.429 0.028 0.002 −0.39
SD 0.26 0.28 0.06 0.002 0.005 0.002 0.001 0.03

SEM 0.13 0.14 0.03 0.001 0.003 0.001 0.000 0.02
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Figure S1: Sensitivity analysis showing a 2 nm cross section of the geometry and the
distributions of angular defects at 0.5 g/cc and 1.1 g/cc. An orange line is
shown to denote the zero angular defect value in the plots of the angular
defect.

Table 3: Statistical variability analysis at density of 1.1 g/cc. Coordination fractions spn,
rings per carbon atom Nn and average angular defects δ̄ are listed for the five
small structures. The mean, standard deviation (SD) and standard-error-in-the-
mean (SEM) are also computed.

Structure sp (%) sp2 (%) sp3 (%) N5 N6 N7 N8 δ̄ (deg)

#1 1.98 97.21 0.59 0.024 0.435 0.023 0.002 −0.41
#2 1.79 97.41 0.44 0.026 0.434 0.024 0.002 −0.36
#3 1.93 97.29 0.55 0.025 0.435 0.024 0.002 −0.39
#4 2.21 97.09 0.60 0.025 0.431 0.026 0.001 −0.42
#5 2.08 97.27 0.47 0.028 0.424 0.029 0.002 −0.40

Mean 2.00 97.25 0.53 0.026 0.432 0.025 0.002 −0.40
SD 0.14 0.10 0.06 0.001 0.004 0.002 0.000 0.02

SEM 0.07 0.05 0.03 0.001 0.002 0.001 0.000 0.01
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