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Abstract

This paper investigates the first part of a two-stage methodology for the detailed
fully coupled modelling of nanoparticle formation in turbulent reacting flows. We
use a projected fields (PF) method to approximate the joint composition probability
density function (PDF) transport equation that describes the evolution of the nanopar-
ticles. The method combines detailed chemistry and the method of moments with
interpolative closure (MoMIC) population balance model in a commercial compu-
tational fluid dynamics (CFD) code. We show details of the implementation and
present an extensive set of numerical experiments and validation. We consider the
example of the chloride process for the industrial synthesis of titania. We show good
agreement with experimental data and present fully coupled detailed chemistry CFD
simulations of nanoparticle formation in a representative ‘slot’ reactor geometry. The
simulations show that inception occurs in a mixing zone near the reactor inlets. Most
of the nanoparticle mass is due to surface growth downstream of the mixing zone
with a narrower size distribution occurring in the regions of higher surface growth.
The predicted temperature and particle properties are compared to a perfect mixing
case. The implications for the second part of the methodology, where it is proposed
to post process the data using a more detailed particle model, are discussed critically.
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1 Introduction

Nanoparticle synthesis in turbulent reacting flows is a key field of engineering research
[48, 56, 57]. This paper considers the example of titania nanoparticles. Titania (TiO2) rep-
resents a three-quarters share of the global white pigment market (1996) [25] and equates
to annual sales of £7 billion (5 million tonnes) in over 170 countries (2009) [30]. The
industrial production of titania usually occurs via the chloride process in which titanium
tetrachloride TiCl4 is oxidised in either a flame [51] or by stage-wise addition to an oxy-
gen plasma [13, 41] to produce TiO2 particles. The pigmentary properties of the product
require tight control of the particle size, shape and crystal phase. Although widely used,
the chloride process is not well understood and process optimisation is often empirical.

The chloride process is exothermic and exhibits strong coupling between the chemistry,
the temperature and the flow in the reactor. Detailed insight requires an understanding of
the evolution of the product within the reactor. Any detailed process model must consider
the design of the reactor and account for the effect of turbulence on the rates of mixing
and reaction. It must contain a sufficient description of the gas and solid-phase chemistry.
It must include a population balance to describe the evolution of the product and must
resolve the coupling between all these processes.

Turbulent flow methods typically separate the velocity and scalar quantities (such as
species concentration) into resolved and unresolved components. For example, Favre-
averaged Navier-Stokes methods solve transport equations for density-averaged compo-
nents, but need to close terms arising from unresolved fluctuating components. In react-
ing cases, the source terms in the material and energy balance equations are left unclosed
and must be modelled. Many turbulent reaction models have been studied [18, 34, 45].
Transported probability density function (PDF) methods [28] are applicable to all flows
and offer the key advantage that the chemical source term does not need to be closed.
However, Monte Carlo solution techniques are typically required [46]. These may be
computationally expensive and not necessarily suited to the computational fluid dynamics
(CFD) software that would often be the method of choice for turbulent flow simulations.

A recent turbulent reaction method amenable to existing CFD codes is the Direct Quadra-
ture Method of Moments using the Interaction by Exchange with the Mean micromixing
model (DQMoM-IEM). The method was first suggested by Fox [18]. A joint composi-
tion PDF transport equation is approximated using a weighted discretisation in compo-
sition space and the IEM micromixing model [70]. An arbitrary moment set is used to
derive transport equations for the approximated PDF that guarantee to reproduce consis-
tent transport of the moments within this set. The method has been applied to precipita-
tion reactions [22, 71], stabilised turbulent methane-hydrogen flames [67] and turbulent
combustion in industrial furnaces and gasifiers [14]. Recent studies have considered the
numerical implementation [1] and efficiency [2] of the method in detail for a prescribed
moment set. In the context of turbulent reacting flows, DQMoM-IEM is a projected fields
(PF) method and this is the terminology we adopt in this paper.

The purpose of this paper is to investigate the first part of a two-stage methodology for
the detailed modelling of nanoparticle formation in turbulent reacting flows:
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• The first-stage extends the PF method to combine detailed gas-phase chemistry and
a population balance for CFD simulations involving full coupling between the flow,
chemistry and particles undergoing simultaneous inception, coagulation and surface
growth. The objective is to achieve a reasonable description of the velocity field and
gas-phase composition PDF for minimum computational effort.

• The second-stage models the evolution of the nanoparticles using a detailed popula-
tion balance model to post processes the gas-phase composition data. There is free
choice of the population balance model because the gas-phase data already include
the coupling to the population, negating the need to re-solve the chemistry or flow.

This approach is well established for soot simulations in 1D laminar flames [40, 64, 79]
and has been applied to titania formation in turbulent diffusion flames [31] (where the
coupling is ignored). We follow the approach for soot and use the method of moments
with interpolative closure (MoMIC) [20] to describe the population balance.

The paper is organised as follows. Section 2 introduces the key aspects of the kinetic
model of the gas and solid-phase chemistry, the choice of population balance model and
the PF method. Section 3 summarises the numerical implementation of the method and
the coupling to the CFD code. Section 4 investigates the performance of the model against
test case and experimental data, and demonstrates the application of the method to the full
reacting case for a representative industrial titania reactor.

2 Theoretical background

This section introduces key aspects of the kinetic model for the formation of titania, the
choice of population balance model and the PF method.

2.1 Kinetic models for titania formation

Typical industrial conditions for the production of titania via the chloride process are a
stoichiometric binary mixture of TiCl4 and O2 plus additives reacting at 1500–2000 K.
The process is difficult to investigate experimentally under these conditions. It has been
widely studied at milder conditions, but understanding remains incomplete.

Ghoshtagore [23] investigated the addition of TiCl4 to a TiO2 film. The surface reaction
was suggested to display an Eley-Rideal dependence on TiCl4 and O2 at 673–1120 K.
Pratsinis et al. [50] studied the oxidation of TiCl4 vapour at 973–1273 K. The reaction
was first-order in TiCl4 and approximately zero-order in O2 up to ten-fold excess O2. The
kinetics are reported in terms of a global reaction. Pratsinis and Spicer [49] compare
the overall kinetics with a gas-phase oxidation rate inferred from the difference between
the overall rate [50] and a surface growth rate [23] assuming a monodisperse population
of spherical particles. The study shows that surface reaction has a significant effect on
the particle diameter. Later studies using more detailed population balance models draw
similar conclusions [29, 38, 39, 68].
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West et al. [75, 76] argue that more detailed understanding of the chemical mechanism
may yield deeper insight. They present the first thermodynamically consistent mecha-
nism for the high temperature oxidation of TiCl4. The reaction is suggested to proceed
via titanium oxychloride species. Unknown thermochemical data are estimated by den-
sity functional theory based quantum calculations. Subsequent investigations present an
updated mechanism [77] and consider the role of aluminium (used as an additive) [62].

Mehta et al. [37] compare the inception behaviour of the mechanisms from Pratsinis and
Spicer [49] and West et al. [77]. They show that the choice of mechanism causes inception
to occur at different spatial locations in simulations of a turbulent flame and would be
expected to significantly influence the sintering behaviour predicted by each simulation.
This is consistent with recent observations [63] where the choice of inception mechanism
is noted to strongly affect simulations of Pratsinis’ original experiment [50].

2.1.1 Model equations

The investigation in this paper uses the gas-phase chemistry of West et al. [77, note that
West et al. supply the mechanism as supplementary material]. The mechanism includes
28 gas-phase plus 1 solid-phase species and 66 reactions.

Inception and surface reaction are treated slightly differently from West et al. [77]. This
choice is based on theoretical investigations of TiO2 growth and fits to experimental data
discussed in a paper to follow [63]. All bimolecular collisions between titanium oxychlo-
ride species are treated as inception steps

TixαOyαClzα + TixβOyβClzβ −→
(
xα + xβ

)
TiO2 (s)

+

(
yα + yβ

2
− xα − xβ

)
O2 +

(
zα + zβ

2

)
Cl2 , x, y, z ≥ 1 ,

(1)

with the molecular collision diameter is taken as 0.65 nm [77]. Surface growth is treated
as a second-order reaction

TiCl4 + O2 −→ TiO2 + 2 Cl2 , (2)

subject to the rate expression

d
[
TiO2

]
dt

= ks A
[
TiCl4

][
O2

]
,

ks = 200 exp

(
−50 kJ/mol

RT

)
m
s
· m3

mol
,

(3)

where A is the surface area per unit volume of the TiO2 population. Equation (3) assumes
fixed reaction orders with respect to TiCl4 and O2, but is sufficient for the purpose of this
study. Alternatives to this assumption are discussed in detail by Shirley et al. [63]. The
full model has 29 species and 172 (66 gas-phase, 105 inception, 1 surface) reactions.
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2.2 Population balance models

The basic population balance equation describing the evolution of a particle distribution
is the Smoluchowski coagulation equation. Population balances are discussed in detail
by Ramkrishna [52] and their modelling within reacting flows is reviewed by Rigopoulos
[55]. The relative advantages of the main approaches that have been applied to models of
nanoparticle formation are discussed below.

The method of moments (MoM) solves for low-order moments of the distribution. The
actual distribution remains unknown and the moment equations are typically unclosed.
One approach is to assume the form of the distribution [47]. This has been applied to
CFD simulations of aerosols [21]. The two main closures applied to nanoparticles are
the method of moments with interpolative closure (MoMIC) [19, 20] and the quadrature
method of moments (QMoM) [36].

MoMIC closes fractional-order moments that arise due to coagulation and surface growth
processes by interpolation among known whole-order moments. It is efficient and widely
favoured for problems involving populations and flow. For example, a modified version
[53] of PREMIX [32] has been used for a number of fully coupled 1D laminar flame
simulations [3, 64, 79]. Good accuracy in the first moment is reported for organic [6]
and inorganic [26] systems. Most implementations are univariate and assume spherical
particles, but MoMIC has also been extended to study aggregate particle growth [5, 42].

QMoM uses a quadrature method to approximate the distribution as a set of weighted par-
ticles. The method was developed for univariate distributions, but has been extended to bi-
variate cases [78]. A later approach was to transport the parameters of the weighted parti-
cle approximation in the direct quadrature method of moments (DQMoM) [35].
DQMoM is easily extended to multi-variate cases, but can be numerically challenging [80].

Sectional methods approximate the distribution by discretising the particle state space.
Moving sectional methods were introduced to control numerical diffusion and have been
been applied to several titania studies [65, 68]. Bivariate formulations are possible and
have been used to investigate the sintering of silica and titania [29, 61]. A technique to
couple CFD simulations to a Lagrangian joint composition discretised population balance
PDF method has been proposed [54, 69]. Sectional methods resolve the full distribution,
but are more expensive than moment methods.

Monte Carlo methods simulate the evolution of the particle distribution as a series of
discrete events acting on an ensemble of stochastic particles. They efficiently extend to
multi-variate cases and have been proved to converge to the solution of the governing
population balance [17, 72]. A number of stochastic algorithms have been developed
[15, 16] and refined [24, 43, 44, 73, 74] for nanoparticle applications. They may be used
to post process existing data [40, 64, 79] or coupled directly to chemistry models [9, 11].
Multi-variate implementations have introduced active site models where particle growth
is a function of aggregate composition [10, 12], or the sintering of individual particles
is calculated using the connectivity within each aggregate [59, 60]. Recent applications
include simulation of the aggregate behaviour of soot on Titan [33]. Stochastic methods
allow detailed models and are an attractive option for post processing existing data, but
are often expensive and not easily coupled to CFD.
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2.2.1 Model equations

MoMIC is used to describe the evolution of a truncated set of whole-order moments of a
distribution of spherical particles undergoing inception, coagulation and surface growth in
a fully coupled turbulent reacting flow simulation. The coupling primarily depends on the
mass of the population (proportional to the first moment). MoMIC is reasonably accurate
for the first moment [6, 26] and is a judicious compromise between speed and accuracy.

Balthasar et al. [7] show that the turbulent enhancement of the collision frequency [58]
is small compared to Brownian coagulation under a wide range of conditions. They ne-
glect the turbulent enhancement and we invoke the same approximation here. They show
that the moments of a particle distribution may be included in a consistent PDF formula-
tion. In conjunction with the numerical treatment described in section 3, MoMIC can be
implemented directly within the PF method without further changes.

MoMIC is described in detail by Frenklach [19] and is summarised below. The particle
population is described by the number density moments of the size distribution

Mr =
∞∑
i=1

irni , r = 0, . . . , U − 1 , (4)

where ni is the number density of particles of size i and mass mi = i ·m1, m1 is the mass
of the smallest unit occurring in the population and U is the number of moments in the
truncated set. The low-order moments have simple physical interpretations

M0 =
∞∑
i=1

ni = n , (5)

M1 =
∞∑
i=1

i · ni = fv
ρs

m1

, (6)

where n is the total number density, fv is the volume fraction occupied by the population
and ρs is the particle density.

The population dynamics are governed by a population balance equation describing the
effect of collisions between particles of the same type

dni
dt

=
1

2

i−1∑
j=1

βj,i−jnjni−j −
∞∑
j=1

βi,jninj , (7)

where βi,j is a frequency factor describing the rate of collision between particles of size
i and j. The first term on the right-hand side of equation (7) describes the creation of
particles of size i due to collisions between all possible combinations of particle sizes that
sum to i. The term is multiplied by a factor of 1/2 to avoid double counting. The second
term describes the destruction of particles of size i due to collisions with particles of any
other size j. Equation (7) can be used to write an analogous expression to describe the
evolution of the moments of the distribution

dMr

dt
=

1

2

∞∑
i=1

∞∑
j=1

(
i+ j

)r
βi,jninj −

∞∑
i=1

∞∑
j=1

irβi,jninj . (8)
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The form of the frequency factor βi,j depends on the Knudsen number, defined in terms
of the mean free path of the gas λ and a representative length scale L

Kn =
2λ

L
. (9)

The continuum regime is characterised by Kn� 1 where βi,j is given by

βc
i,j = Kc

(
Ci
ri

+
Cj
rj

)(
ri + rj

)
, (10)

where C is the Cunningham slip correction factor

C = 1 + 1.257Kn . (11)

The free-molecular regime is characterised by Kn� 1 where βi,j is given by

βf
i,j = εij

√
8πkBT

µi,j

(
ri + rj

)2

, (12)

where kB is the Boltzmann constant, T is the temperature, µi,j is the reduced mass and ri
is the radius of particles of size i. εij is a size-dependent coagulation enhancement factor
due to attractive or repulsive inter-particle forces.

In the case of spherical particles, equations (10) and (12) may be rewritten

βc
i,j = Kc

(
1

i1/3
+

1

j1/3
+Kc

′
[

1

i2/3
+

1

j2/3

])(
i1/3 + j1/3

)
, (13)

βf
i,j = Kf

(
1

i
+

1

j

)1/2(
i1/3 + j1/3

)2

, (14)

with

Kc =
2kBT

3µ
, Kc

′ = 2.514λ

(
πρs

6m1

)1/3

, Kf = εij

(
3m1

4πρs

)1/6(
6kBT

ρs

)1/2

, (15)

where µ is the absolute viscosity of the gas. The length scale required by the Knudsen
number in equation (11) is specified as the particle diameter di. We follow Balthasar [4]
and set εij = 2.2 for collisions of uncharged particles.

The following sections use the population balance equation (8) to derive rate equations
for particle inception, surface growth and coagulation. The resulting surface growth (22)
and coagulation equations (25) and (26) require fractional-order moments. The equations
are closed by estimating the fractional-order moments using logarithmic Lagrange inter-
polation between the whole-order reduced moments µr = Mr/M0. This is equivalent to
assuming a monodisperse distribution in the two-moment case, r = 0, 1.
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Inception rate Inception is assumed to occur in the free molecular regime. Equation (8)
can be formulated for particle inception by omitting the second term and substituting βf

i,j

defined in equation (12). In terms of the reaction scheme given by equation (1)

Ṁr
in

=
1

2

√
8πkBTN

2
A

∑
inception
reactions

εαβ√
µα,β

(
xα + xβ

)r(
rα + rβ

)2
CαCβ , (16)

where each inception reaction uniquely defines

Cα = CTixαOyαClzα , Cβ = CTixβOyβClzβ
, (17)

rα = rβ = 0.65× 10−9 m , (18)

with

εαβ = 2.2 , (19)
1

µα,β
=

NA

WCTixαOyαClzα

+
NA

WCTixβ
Oyβ

Clzβ

. (20)

The smallest unit in the population is defined as TiO2, such that the smallest particle is
size is (xα + xβ) ≥ 2 and M1/NA is the number of moles of TiO2 in the population.

Surface growth rate The surface growth rate may be written in terms of the mechanism
defined by equation (3) and the population balance equation (8) using

βsg
i,j = ksAiCO2

. (21)

Assuming spherical particles

Ṁr
sg

=


0 , r = 0

ksA1CO2
CTiCl4

NA

r−1∑
k=0

(
r

k

)
1r−kµk+ 2

3
M0 , r ≥ 1 ,

(22)

where

Ai = A1 i
2/3 , A1 = 4.787× 10−19 m2 . (23)

The factor of 1r−k arises from the reaction stoichiometry, where each TiCl4 reacting as
per equation (2) contributes one TiO2 unit to the population.

Coagulation rate The coagulation rate is calculated as described by Frenklach [19]

Ṁr
cg

=
Ṁr

c
Ṁr

f

Ṁr
c

+ Ṁr
f , r = 0, 2, 3, . . . (24)
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The continuum coagulation rate described by equations (8) and (13) is given

Ṁr
c

=



−Kc

(
1 + µ 1

3
µ− 1

3
+Kc

′
[
µ− 1

3
+ µ 1

3
µ− 2

3

])
M2

0 , r = 0

0 , r = 1

Kc

2

r−1∑
k=1

(
r

k

)(
µk+ 1

3
µr−k− 1

3
+ 2µkµr−k + µk− 1

3
µr−k+ 1

3

+Kc
′
[
µk+ 1

3
µr−k− 2

3
+ µkµr−k− 1

3
r ≥ 2 .

+µk− 1
3
µr−k + µk− 2

3
µr−k+ 1

3

])
M2

0 ,

(25)

The free molecular coagulation rate described by equations (8) and (14) is given

Ṁr
f
=



−1

2
Kf
( 1

2f0,0

)
M2

0 , r = 0

0 , r = 1

1

2
Kf

r−1∑
k=1

(
r

k

)( 1
2fk,r−k

)
M2

0 , r ≥ 2

(26)

with

lfx,y =
∞∑
i=1

∞∑
j=1

ixjy√
ij

(
i+ j

)l(
i1/3 + j1/3

)2

ninj /M
2
0 , l =

1

2
. (27)

Equation (27) can only be closed for integer values of l. The function
1
2fx,y is estimated

by logarithmic Lagrange interpolation between evaluations of a grid function

mfx,y =
m∑
k=0

(
m

k

)(
µk+x+ 1

6
µm+y−k− 1

2

+ 2µk+x− 1
6
µm+y−k− 1

6
m ∈ N .

+ µk+x− 1
2
µm+y−k+ 1

6

)
,

(28)

using the parameterisation

m = 0, . . . , n− 1 ,

n = min
(
4, U −max(x, y)

)
, U = 3, . . . , 6 ,

(29)

where U is the number of moments in the truncated set such that r = 0, . . . , U−1. This is
a generalisation of the method recommended by Frenklach [19] for the case r = 0, . . . , 5.
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The following physical properties are assumed

m1 = 1.327× 10−25 kg , ρs = 4260 kg/m3 , (30)

and the mean free path and viscosity are approximated as those of air (T in K, p in Pa)

λ = 2.370× 10−5 T

p
m , (31)

µ = 1.458× 10−6 T
√
T

T + 100.4
kg/ms . (32)

2.3 Projected fields method

The PF method uses a weighted field approximation to solve a joint composition PDF
transport equation. A projection method is used to derive transport equations that force the
statistics of the fields to obey specified moments of the PDF transport equation. The ap-
proach was first suggested by Fox [18] under the name DQMoM-IEM (the Direct Quadra-
ture Method of Moments using the Interaction by Exchange with the Mean micromixing
model) and its derivation is well documented in the literature. Its implementation and
performance as a turbulent reaction closure have been investigated in detail [1, 2].

2.3.1 Terminology

There is a lack of consistency regarding the terminology applied to DQMoM-IEM in the
turbulent reacting flow literature. The name QMoM originates from the application of a
weighted particle quadrature approximation to close integral terms in a population balance
moment equation [36]. The direct prefix denotes the case where the method transports the
parameters of the approximation, rather than the moments of the population [35]. In the
case of turbulent reacting flows, the method is applied to a PDF transport equation that
includes the IEM mixing submodel. The suffix was added when the projection was simpli-
fied to improve the numerical behaviour of the method [18] and we talk about fields rather
than particles because the approximation is continuous in physical space. Since the PDF
transport equation contains no integral terms, the quadrature terminology is no longer ap-
propriate. However, the DQMoM-IEM label is often still used (ourselves included). An
alternative name, the multi-environment probability density function (MEPDF) method
is sometimes applied [14, 67]. This reflects a physical interpretation of the method as a
multi-environment reaction model [18, 71], but provides little description of the numer-
ical method. For example, the stochastic fields (SF) method invokes an analogous field
approximation to the PDF transport equation [see 2] without the projection and could
equally be described as an MEPDF method.

We want to emphasise the distinction between the model and the numerical method. We
consider the PDF transport equation to be the model and the weighted field approximation
and projection to be the numerical method. For this reason, we refer to a projected fields
(PF) method. This highlights the projection that distinguishes it from a wider class of
mathematically related field methods. It is consistent with the existing SF terminology
and is what we adopt in this paper.
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2.3.2 Model equations

This paper considers the case when a closed [see 18] Favre-averaged joint composition
PDF transport equation

〈ρ〉 ∂f̃φ
∂t

+ 〈ρ〉 Ũi
∂f̃φ
∂xi
− ∂

∂xi

(
ΓT
∂f̃φ
∂xi

)
=

− ∂

∂ψα

([
Cφ
2τφ

(
〈φα〉 − ψα

)
+ Sα

(
ψ
)]
〈ρ〉 f̃φ

)
,

(33)

is approximated using

f̃φ
(
ψ(x, t)

)
dψ = f̃φ

(
ψ1, . . . , ψK(x, t)

)
dψ1 · · · dψK

≈
N∑
n=1

w(n)(x, t)
K∏
α=1

δ
ψ
(n)
α (x,t)

dψα , (34)

where

δ
ψ
(n)
α (x,t)

≡ δ
[
ψα − ψ(n)

α (x, t)
]

. (35)

The approximation introducesN weights w(n) andNK scalar composition variables ψ(n)
α ,

where α = 1, . . . , K scalars.

Transport equations that share the form of standard scalar transport equations are derived

∂w
(n)

∂t
+ Ũi

∂w
(n)

∂xi
− 1

〈ρ〉
∂

∂xi

(
ΓT
∂w

(n)

∂xi

)
= a(n) , (36)

∂s
(n)
α

∂t
+ Ũi

∂s
(n)
α

∂xi
− 1

〈ρ〉
∂

∂xi

(
ΓT
∂s

(n)
α

∂xi

)
= b(n)

α , (37)

where

s(n)
α ≡ w(n)ψ(n)

α . (38)

The source terms a(n) are set to zero and a set of M =NK unmixed empirical moments
of the form

〈φmλαα 〉N =
N∑
n=1

w(n)ψ(n)
α

mλα , (39)

are used to derive a linear system of NK equations for the source terms b(n)
α . In the case

that the moments in equation (39) are specified

mλα = λ for λ = 1, . . . , N and α = 1, . . . , K , (40)
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the linear system can be solved to give a set ofN equations for each scalar α=1, . . . , K [1]

b(n)
α = b(n)

mxα + b(n)
rxα + b

(n)
dxα , (41)

where

b(n)
mxα = w(n) Cφ

2τφ

(
〈φα〉N − ψ

(n)
α

)
, (42)

b(n)
rxα = w(n)Sα

(
ψ(n)

)
, (43)

b
(n)
dxα = w(n)c(n)

αα

N∑
i=1
i 6=n

1

ψ
(n)
α − ψ(i)

α

+
N∏
i=1
i 6=n

1

ψ
(n)
α − ψ(i)

α

N∑
j=1
j 6=n

w(j)c(j)
αα

N∏
k=1
k 6=j,n

(
ψ(j)
α − ψ(k)

α

)
,

(44)

and

c
(n)
αβ ≡

ΓT

〈ρ〉
∂ψ

(n)
α

∂xi

∂ψ
(n)
β

∂xi
. (45)

The b(n)
mxα and b(n)

rxα terms describe micromixing and chemical reaction, b(n)
dxα describes the

effect of turbulent diffusion in the presence of spatial gradients of scalar α. Equation (44)
is poorly conditioned and is singular if any ψ(n)

α are equal. Its numerical treatment has
been investigated in detail [1].

3 Numerical treatment and coupling

The commercial Star-CD CFD code [8] is used to solve the Favre-averaged Navier-Stokes
equations as a transient problem with a k-ε High Reynolds Number turbulence model and
standard wall functions. The default model constants were used with unit Prandtl and
Schmidt numbers. The PF model is coupled to Star-CD using an operator splitting tech-
nique where w(n) and s(n)

α are transported as passive scalars [1]. Changes in composition
and temperature are coupled to Star-CD via the density and viscosity using a weak pres-
sure coupling. The method is summarised below.

Equation (37) is solved using a Strang [66] splitting

∂s
(n)
α

∂t
= −Ũi

∂s
(n)
α

∂xi
+

1

〈ρ〉
∂

∂xi

(
ΓT
∂s

(n)
α

∂xi

)
, (46)

∂s
(n)
α

∂t
= b(n)

α = b(n)
mxα + b(n)

rxα + b
(n)
dxα , (47)

13



where the source terms b(n)
α are supplied using equations (42–44), equations (36) and (46)

are solved using Star-CD with time step ∆t, and equation (47) is solved with time step
1
2
∆t before the first and after the last iteration, and time step ∆t otherwise. The numerical

treatment of equation (47) requires special care. It is solved using the analytic solver
described by Akroyd et al. [1] such that the current study is limited to N = 2 fields. The
implementation in this paper invokes a further splitting [2]

S b
(n)
α

∆t

(
s(n)
α

)
≈
[
S
b
(n)
mxα

1
2

∆t
◦ S b

(n)
dxα

1
2

∆t
◦ S b

(n)
rxα

∆t ◦ S
b
(n)
dxα

1
2

∆t
◦ S b

(n)
mxα

1
2

∆t

](
s(n)
α

)
, (48)

where S∆t denotes the solution operator

S b
(n)
α

∆t

(
s(n)
α

)
: s(n)

α (t) 7→ s(n)
α (t+ ∆t) .

The composition space is defined

φα =


Yα , α = 1, . . . , s ,

Mr / 〈ρ〉 , α = 1 + s+ r , r = 0, . . . , U − 1 ,

h , α = 1 + s+ U = K ,

(49)

where Yα are the species mass fractions, Mr/〈ρ〉 are the number moments per unit mass
and h is the specific enthalpy. The global bounds required by the method are specified[

Yglb, Ygub
]

=
[
0, 1

]
, (50)[

Mglb, Mgub
]

=
[
0, ∞

]
, (51)[

hglb, hgub
]

=
[
h
(
Tglb, Y

(n)(x, t)
)
, h
(
Tgub, Y

(n)(x, t)
) ]

. (52)

The enthalpy bounds are calculated at the global temperature bounds and the prevailing
composition. The temperature bounds are defined using the bounds that accompany the
thermodynamic data supplied with the gas-phase mechanism [77].

The micromixing parameters Cφ , τφ and turbulent diffusivity ΓT required by the mi-
cromixing and diffusion terms in equation (48) are calculated

Cφ = 2.0 , (53)
τφ = k/ε , (54)
ΓT = νT/σT , (55)

where k, ε and νT are the turbulent kinetic energy, turbulent dissipation and turbulent
viscosity prescribed by Star-CD and σT = 0.7.

The reaction solution operator in equation (48) is implemented using RADAU5 [27] to
numerically integrate the reaction term in equation (47). The reaction system is solved in
terms of the molar concentrations C(n)

α , the number moments per unit volume M (n)
r and

the temperature T (n) of each field. The source terms are written

Sα

 C
(n)
α

M
(n)
r

T (n)

 =

 Ċ
(n)
α

Ṁ
(n)
r

Ṫ (n)

 ,
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where the total moment source terms are given

Ṁ (n)
r = Ṁ (n)

r

in
+ Ṁ (n)

r

sg
+ Ṁ (n)

r

cg
, (56)

with Ṁ
(n)
r

in
, Ṁ (n)

r

sg
and Ṁ

(n)
r

cg
defined as per equations (16), (22) and (24). The concen-

tration source terms due to gas-phase reaction are calculated using the mechanism of West
et al. [77]. The additional contributions due to particle formation are calculated

Ċ(n)
α =

∑
i

ναi
νTiO2 i

Ṁ
(n)
1 i

NA
, (57)

where the sum is over the set of inception and surface reactions, ναi is the stoichiometric
coefficient of species α in reaction i, and Ṁ

(n)
1 i is the contribution to Ṁ

(n)
1 due to reac-

tion i. The gas-phase and particles are assumed to have the same temperature T , where
the source term due to all reactions (gas-phase, inception and surface growth) is given

Ṫ (n) = −

s∑
α=1

h
(n)
α Ċ

(n)
α Wα

s∑
α=1

cpαC
(n)
α Wα

. (58)

The total source terms are adjusted to account for the rate of gas-phase expansion γ

Ċ(n)
α ← Ċ(n)

α − γ(n) C(n)
α , Ṁ (n)

r ← Ṁ (n)
r − γ(n) M (n)

r , (59)

where γ(n) is calculated using the ideal gas law at constant pressure

pV
(
1− fv

)
= nRT , (60)

γ =
V̇

V
, γ(n) =

ḟv
(n)

1− f (n)
v

+
Ṫ (n)

T (n)
+

∑s
α=1 Ċ

(n)
α∑s

α=1C
(n)
α

, (61)

where V
(
1− fv

)
is gas-phase volume and f (n)

v is calculated as per equation (6)

f (n)
v =

m1

ρs
M

(n)
1 , ḟv

(n)
=
m1

ρs
Ṁ

(n)
1 . (62)

An updated density and viscosity are passed to Star-CD after each time step

〈ρ〉 = 〈ρg〉+ 〈ρs〉 , (63)

where ρg is a gas-phase density estimated using the ideal gas law in equation (60)

〈ρg〉 =
p
(
1− 〈fv〉N

)
R 〈T 〉N

∑s
α=1

〈Ygα〉N
Wα

, (64)

Yg are the gas-phase mass fractions and ρs is the solid-phase density

〈ρs〉 = m1 〈M1〉N . (65)

The viscosity is calculated using equation (32)

〈µ〉 = 1.458× 10−6 〈T 〉N
√
〈T 〉N

〈T 〉N + 100.4
kg/ms . (66)
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4 Numerical experiments and validation

This section investigates the performance of the PF method for a model problem involving
strong two-way coupling between detailed gas-phase chemistry and titania nanoparticles
undergoing simultaneous inception, coagulation and surface growth.

Section 4.1 introduces salient details of the model problem. Section 4.2 considers some
ideal reactor cases. It checks the MoMIC implementation and compares results to ex-
perimental data. Section 4.3 validates the PF implementation in a scalar mixing case.
Section 4.4 demonstrates the application of the method to the full reacting case.

4.1 Model problem

The investigations is this paper consider the production of titania nanoparticles in a lab
scale ‘slot’ reactor. The geometry and input conditions are representative of industrial
conditions for the chloride process. The reactor configuration is illustrated in figure 1.

CFD Grid

1000 mm

O2

2300 K

1000 mol / min

(32 kg / min)

TiCl4 600 K, 880 mol / min (167 kg / min)

3000 mm

                      10 mm

Pressure = 3 barg, residence time ~ 0.07 s

1
5

0
 m

m

Figure 1: Configuration of the titania reactor.

The reactor is modelled using a wedge-shaped domain with boundary conditions to exploit
axial symmetry. Star-CD [8] was used to solve the Favre-averaged Navier-Stokes and PF
equations as per section 3. The initial and inlet boundary conditions are given in table 1.
The turbulence boundary conditions were estimated using empirical correlations

l = 0.07L , TI = 0.16Re(−1/8)
DH

, (67)

where l is the mixing length and TI is the turbulence intensity. L is a length scale and
ReDH

a Reynolds number, both based on the relevant hydraulic diameter.

Two grids were considered. The first is a base grid. It uses a 238×15 (axial×radial)
domain of fully structured hexahedral cells. The axial cell spacing is shrunk into and
stretched out of the reaction zone by a factor of 1.05 subject to the size bounds [5, 50] mm.
The second is a refined version of the base grid. It uses a 588×30 (axial × radial) domain
subject to the same axial stretching and size bounds [2.5, 25] mm. All cases were solved
with time step 2× 10−5 s on the base grid and 6× 10−6 s on the refined grid.
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Table 1: Titania reactor initial and inlet boundary conditions.

Initial Inlet boundary

condition Axial inlet Radial inlet

w
(n) 1/N 0 1 for n = 1

1/N 1 0 for n = 2

Y
(n)

TiCl4
1 0 1

Y
(n)

O2
0 1 0

Y
(n)
α 0 0 0 for α 6= TiCl4,O2

M
(n)
r / 〈ρ〉

0 0 4r × 1010 for section 4.3
0 0 0 for section 4.4

T (n) 600 2300 600

〈ρ〉 − 0.669 15.2 kg/m3

〈µ〉 − 6.7× 10−5 3.1× 10−5 kg/ms

Volumetric flow − 0.797 0.183 m3/s

Mixing length − 0.011 0.001 m

Turbulence intensity − 0.038 0.034 -

Note that the table specifies the scalars in terms of Yα, Mr and T , but that the PF method transports w(n) and s(n)α = w
(n)
ψ
(n)
α ,

where the composition space is defined by equation (49) and h(n) is calculated h(n) = h
(
T (n), Y (n)

)
.

4.2 Ideal reactor studies

This section considers some ideal reactor cases. It checks that MoMIC has been correctly
implemented and reproduces experimental data. The simulations are performed by solv-
ing equation (47) for the N = 1 case. This is equivalent to assuming perfect mixing. It
gives insight into the behaviour of the reaction without spatial transport and in isolation
from the micromixing and diffusion terms described in section 2.3.

Figure 2 validates the MoMIC implementation against test data from an established
stochastic population balance model [24, 43, 44, 73]. The initial conditions were defined
as a binary mixture of 100:88 (mol/mol) O2 : TiCl4 at 3 barg based on figure 4.1. Both
methods were solved under isothermal conditions at 2100 K and 1500 K (not shown)
using the chemical mechanism described in section 2.1 with a spherical particle model.
The test data were generated using both a predictor-corrector coupling to the gas-phase
chemistry [11] and by post processing the gas-phase data from the MoMIC simulations.

MoMIC shows excellent agreement with the test data for the concentrations of key gas-
phase species and the zeroth and first moments of the titania particle number distribution.
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(a) Gas-phase concentrations.
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(b) Particle number moments.

Figure 2: Titania batch reactor concentration and particle number moments at T = 2100 K.
Black lines: MoMIC, U = 3; Gray lines: MoMIC, U = 6; Open symbols: Test data,
predictor-corrector splitting and 256 ( ) stochastic particles; Closed symbols: Test
data, gas-phase data post-processed with 256 ( ) and 4096 ( ) stochastic particles.
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Figure 3: Titania batch reactor particle number distributions calculated from Figure 2(b). Black
lines: 256 stochastic particles; Gray lines: 4096 stochastic particles.

The oxygen is in slight excess and is not completely consumed. The rapid consumption
of the titanium species is dominated by surface reaction. This is consistent with industrial
experience of the chloride process. The test data show that the particle number moments
can be accurately reproduced by post-processing the gas-phase composition with as few
as 256 stochastic particles. The MoMIC data show little sensitivity to an increase from
U=3 to U=6 moments. All remaining MoMIC simulations in this paper set U=3.

Figure 3 shows particle number distributions calculated using the stochastic population
balance model to post-process the gas-phase data in figure 2(a). The data show the emer-
gence of a bimodal distribution due to coagulation, with mean particle size approximately
200 µm after 0.01 s. There is reasonable agreement between the 256 and 4096 stochastic
particle cases, but with more pronounced differences than are apparent in figure 2(b).

Figure 4 shows non-isothermal MoMIC simulations with different initial temperatures.
Figure 4(a) shows an initial endothermic induction period due to decomposition of TiCl4,
followed by a rapid exotherm as the reaction ‘takes off’. Higher initial temperatures give
shorter inductions times. The final temperatures are in the range 1850–2200 K and are
determined by the initial temperature and gas-phase equilibria. The initial temperature of
1082 K is that given by the inlet streams in figure 1 if they are allowed to mix without
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Figure 4: Titania batch reactor non-isothermal temperature profiles.

reacting and corresponds to a final temperature of 1860 K. Figure 4(b) shows temperature
profiles in the absence of the MoMIC inception, surface growth and coagulation processes
for an initial temperature of 2100 K. The exotherm is mainly caused by surface growth
and is slightly moderated by the reduction in surface area due to coagulation.

Figure 5 shows good agreement between MoMIC and experimental data from Pratsinis
et al. [50]. The original investigation measured the reaction of 5:1 (mol/mol) O2 : TiCl4 in
argon (99% by volume) in a 1/8-in-I.D. tube heated to 973–1273 K. Pratsinis et al. [50]
estimate an effective rate constant for the overall oxidation kinetics of TiCl4 vapour

keff = − ln(Co/Ci)

t
, (68)

assuming the reaction is first-order in TiCl4 with Arrhenius kinetics and where Ci and
Co are the measured inlet and outlet TiCl4 concentrations and t is residence time in the
isothermal zone of the reactor held at temperature T . This experiment was modelled
using an imposed temperature profile taken from Pratsinis et al. [50, Fig. 3]. The data are
presented in the original form [50, Fig. 4] for easy comparison.

0.9 0.95 1
−1

0

1

103 K / T (−)

ln
(k

eff
)

 

 

0.49 s
0.75 s
1.10 s

Figure 5: Arrhenius plot of the oxidation rate of TiCl4 at three different residence times. Black
lines with open symbols: MoMIC; Closed symbols: Experimental data [50, Fig. 4].
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4.3 Scalar mixing validation

This section checks the PF implementation in a (non-reacting) scalar mixing case. The
boundary conditions in table 1 are used to introduce a monodisperse particle distribution
at the TiCl4 inlet to ensure non-zero valued moments. The PF model is assessed against a
reference solution provided using the method of moments. The application of the method
of moments to such problems is well established and provides an exact solution to equa-
tion (33) where the chemical source term is zero, Sα = 0. This approach has previously
been used to validate the numerical treatment of the mass fractions in the PF code used in
this paper [1, 2].

The flow field was solved using the method of moments. We describe it as a ‘cold’ flow
field because it pertains to the non-reacting case. Figure 6 shows the major features of the
velocity field near the TiCl4 inlet. There is a recirculation zone near the wall immediately
downstream of the inlet and a large increase in the centreline velocity due to the change
in density as cold material from the TiCl4 inlet mixes with hot material in the reactor.

2

4

3

3

Figure 6: Titania reactor ‘cold’ velocity field.

The remaining simulations in this section are performed without re-solving the flow field.
This ensures that any differences between the method of moments and the PF method are
due to the numerical implementation of the micromixing and diffusion terms described in
section 2.3, as opposed to the subsequent coupling of such differences to the flow field.

Figure 7 presents empirical moments of the enthalpy fields from the PF model on the
refined grid for 1 m of reactor downstream of the TiCl4 inlet. Figure 7(a) shows the mean
enthalpy. The mean mass fraction and number moment per unit mass fields share the same
topology, with values scaled by the corresponding inlet boundary conditions. Figure 7(b)
shows the standard deviation of the enthalpy. Again, the standard deviation of the mass
fractions and number moments per unit mass share the same topology, but scaled by the
difference between the corresponding inlet boundary values. The ‘plume’ from the TiCl4
inlet marks the mixing zone in the reactor.
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(a) Mean enthalpy 〈h〉N=2 (J/kg). (b) Enthalpy standard deviation
√
〈h′2〉

N=2
(J/kg).

Figure 7: Titania reactor empirical moments of enthalpy for the inert case.

Table 2 shows convergence data to validate the PF implementation against the method of
moments reference solution. The convergence was assessed using the metrics

εmean = ε

(
〈φα〉N , 〈φα〉MoM

)
, εsd = ε

(√
〈φ′2α 〉N ,

√
〈φ′2α 〉MoM

)
, (69)

where

ε(x, y) =
‖x− y‖
‖x+ y‖

, (70)

and ‖·‖ denotes an L2-norm over space. The variances are defined〈
φ′2α
〉
N

=
〈
φ2
α

〉
N
− 〈φα〉2N , (71)

and likewise for the method of moments. The means are in excellent agreement. The
standard deviations are in good agreement and show the same value of εsd for all scalars on
a given grid. The data show some minor grid dependence, but are sufficient to demonstrate
equivalent numerical treatment of the enthalpy and number moments per unit mass versus
that previously validated for the mass fractions [1, 2]. Note that the values of εsd differ
from previously [1, 2] because the metric in equation (70) is normalised to allow direct
comparison between all scalars, regardless of their magnitudes.

Table 2: Convergence of the PF empirical mean and standard deviation versus the method of
moments for the inert titania reactor case.

Grid εmean εsd

φ>α =
[
Y1 · · ·Ys M0

〈ρ〉 · · ·
M2

〈ρ〉 h
]

φ>α =
[
Y1 · · ·Ys M0

〈ρ〉 · · ·
M2

〈ρ〉 h
]

Base < 10−8 1.2×10−2

Refined < 10−8 7.8×10−3

Figure 8 presents temperature data corresponding to figure 7. Figure 8(a) shows the
mean temperature field and an outlet temperature of 1082 K consistent with figure 4(a).
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(a) Mean temperature 〈T 〉N=2 (K). (b) Temperature difference 〈T 〉MoM − 〈T 〉N=2 (K).

Figure 8: Titania reactor empirical moments of temperature for the inert case.

The mean temperature is a non-linear function of the mass fractions and enthalpy, so looks
slightly different from figure 7(a). The calculation of the mean temperature is closed by
the PF method, but unclosed in the method of moments. The method of moments case
estimates an approximate temperature from the mean mass fractions and enthalpy. The
effect of this approximation is shown in figure 8(b) and correlates with the location of
the standard deviation in figure 7(b). The method of moments case overestimates the
temperature in the mixing zone by up to 200 K.

4.4 Titania reactor simulations

This section describes the application of the PF method to simulations of the titania reactor
discussed in section 4.1. All simulations were performed on both grids with U = 3 mo-
ments and include fully coupled solution of the Favre-averaged Navier-Stokes equations,
detailed gas-phase chemistry and titania nanoparticles undergoing simultaneous incep-
tion, coagulation and surface growth. The figures present data for the refined grid.

(a) Mean temperature 〈T 〉N=2 (K). (b) Difference 〈T 〉perfect mixing − 〈T 〉N=2 (K).

Figure 9: Titania reactor empirical mean temperature for the reacting case.

Figure 9 shows the mean temperature in the reactor. Comparison of Figures 8(a) and 9(a)
shows a significant exotherm due to the reaction. The temperature rise starts in the mix-
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ing zone between the inlet streams and extends the length of the reactor downstream,
with radial gradients broadening due to mixing. The outlet temperature is 1860 K and is
consistent with figure 4(a). Figure 9(b) shows the difference in mean temperature from a
perfect mixing case that solves the PF equations for the N =1 case. This is equivalent to
assuming infinitely fast mixing and is a common engineering approximation. The perfect
mixing case overestimates the temperature in the mixing zone by up to 600 K.

Figure 10 shows the zeroth and first moments of the particle number density. The zeroth
moment corresponds to the total number of particles per unit volume, the first moment
is proportional to the total mass of particles per unit volume. Figure 10(a) shows an
area of high number density caused by inception at the leading edge of the mixing zone.
The inception zone persists downstream in the area corresponding to a mean temperature
1450 6 〈T 〉N=2 6 1850 K. Elsewhere the number density decreases due to coagulation
and mixing. Figure 10(c) shows that most mass is added to the population due to surface
growth starting just downstream of the inception zone. The region of largest mass is
concentrated in the area of higher number density downstream of the TiCl4 inlet. Figures
10(b) and (d) compare the results to the perfect mixing case. The differences are most
pronounced in the mixing zone near the TiCl4 inlet and are of the same order of magnitude
as the data in Figures 10(a) and (c). The differences decrease downstream due to mixing.

(a) Mean zero moment 〈M0〉N=2 (#/cm3). (b) Difference 〈M0〉perfect mixing − 〈M0〉N=2 (#/cm3).

(c) Mean first moment 〈M1〉N=2 (#/cm3). (d) Difference 〈M1〉perfect mixing − 〈M1〉N=2 (#/cm3).

Figure 10: Titania reactor empirical mean particle number moments for the reacting case.

Figure 11 shows the mean concentrations of TiCl4 and TixOyClz. Figure 11(a) shows
that TiCl4 exists in the low-temperature region downstream of the inlet. It decomposes
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(a) Mean conc.
〈
CTiCl4

〉
N=2

(mol/cm3). (b) Mean conc.
〈
CTixOyClz

〉
N=2

(mol/cm3).

Figure 11: Titania reactor empirical mean concentrations for the reacting case.

via TiClz, z < 4 and oxidises to form TixOyClz species as the temperature increases due
to mixing with material from the O2 inlet. Figure 11(b) shows the total concentration of all
TixOyClz species. The inception model in equation (1) specifies TixOyClz as the incepting
species and strong correlation is observed between the concentration in figure 11(b) and
the particle number density in figure 10(a).

Figure 12 presents the particle number moments in terms of the particle diameter

d = d1µ 1
3

, σ = d1

√
µ 2

3
− µ2

1
3

. (72)

where d is the mean and σ is the standard deviation of the diameter. Note that these plots
show the full length of the reactor downstream of the TiCl4 inlet. The data show lower
diameter and standard deviation corresponding to the inception zone in figure 10(a). Else-
where the diameter increases due to surface growth and coagulation. The standard devi-
ation shows a narrower distribution in the region where figure 10(c) shows most surface
growth. This is consistent with previous studies where surface growth is shown to de-
crease the width of the distribution [49, 68]. These effects diminish downstream due to
mixing. In this example, there are effectively no remaining radial gradients at the outlet.

(a) Mean particle diameter 〈d〉N=2 (nm). (b) Standard deviation 〈σ〉N=2 (nm).

Figure 12: Titania reactor empirical moments of the particle size for the reacting case.
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5 Conclusions

This paper has investigated the first part of a two-stage methodology for the detailed
modelling of nanoparticle formation in turbulent reacting flows, including detailed chem-
istry and full coupling between the flow, material and energy balance equations. The
paper considers the example of the chloride process for the industrial synthesis of titania
nanoparticles in a representative ‘slot’ reactor geometry.

The objective of the first stage of the methodology is to achieve a reasonable description of
the velocity field and gas-phase composition PDF for minimum computational effort. The
second stage is to apply a detailed population balance model to investigate the evolution
of the nanoparticles without the need to re-solve the chemistry or flow. The objective of
the second stage is to allow free choice of the detailed population balance so that it may
be chosen to suit the objectives of the study, rather than based on considerations of how
to couple it to the simulation of the chemistry and flow.

A projected fields (PF) method has been extended to combine the method of moments with
interpolative closure (MoMIC) population balance model and detailed titania chemistry.
The PF method is coupled to the Star-CD CFD code using an operator splitting technique.
The implementation of MoMIC and the titania chemistry is validated against ideal reactor
simulations using an established population balance model and against experimental data.
The numerical treatment of the PF method within the CFD code is validated against a
reference solution provided using the method of moments for a non-reacting test case.
The data show a substantial mixing zone near the reactor inlets, indicated by a region of
high standard deviation in mixture enthalpy, particle number moments and mass fractions.

The feasibility of the first stage of the methodology is demonstrated for simulations of
titania nanoparticle formation in the ‘slot’ reactor, including fully coupled solution of the
flow, detailed chemistry and particles undergoing simultaneous inception, coagulation and
surface growth. The data show significant radial inhomogeneities near the slot. In this
example, the inhomogeneities diminish downstream due to mixing. However, designs
with multiple inlets would introduce inhomogeneities down the length of the reactor. The
predicted temperature and particle properties are compared with a perfect mixing case
and show significant differences near the slot. The post processing in the second stage
of the methodology will need to consider the full composition PDF, not just the mean
composition. The details of how to implement the second stage remain an open question.
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Nomenclature

Upper-case Roman

A Surface area per unit volume of the TiO2 population
Ai Surface area of particle of size i
Ci Cunningham slip correction factor for particles of size i
Cα Molar concentration of species α
Cφ IEM micromixing model constant
D Collision diameter
DH Hydraulic diameter
K Number of scalars

Kc, Kc
′ Size-independent parts of βc

i,j

Kf Size-independent part of βf
i,j

Kn Knudsen number
L Length scale
M Number of empirical PF moments
Mr Moment of the number density distribution of order r
N Number of fields
NA Avagadro constant
R Universal gas constant

Re Reynolds number
S Chemical source term

S∆t Solution operator for an evolution equation
T Temperature
U Number of MoMIC number density moments
Ũ Favre-averaged Eulerian velocity
V Volume
Wα Relative molecular mass of species α
Yα Mass fraction of species α

Lower-case Roman

a(n) Source term for the weights w(n)

b
(n)
α Source term for the weighted composition s(n)

α

cp Specific heat capacity
c

(n)
αβ Turbulent diffusion-spatial gradient term for scalars α and β
d Mean particle diameter
di Diameter of particle of size i
fv Particle volume fraction

mfx,y Grid function
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f̃φ Favre-averaged joint composition PDF of φ
h Specific enthalpy
k Turbulent kinetic energy
kB Boltzmann constant
ks Rate constant for surface growth reaction
l Mixing length

m1 Mass of single TiO2 unit
mi Mass of particle of size i
mλα Moment order of the λth empirical PF moment of scalar α
n Number of moles
n Total number density
ni Number density of particles of size i
p Pressure
r Moment order of the number density moment Mr

ri Radius of particle of size i
s Number of species

s
(n)
α Weighted composition of scalar α
t Time

w
(n) Weight
x Position

Upper-case Greek

ΓT Turbulent diffusivity

Lower-case Greek

βi,j Frequency factor for collisions between particles of size i and j
γ Rate of gas-phase expansion
δ Dirac delta function

εmean Convergence metric for the empirical mean
εsd Convergence metric for the empirical standard deviation
ε Turbulent dissipation rate
εij Enhancement factor for collisions collisions between particles of size i and j
λ Mean free path
µ Absolute viscosity

µi,j Reduced mass of particles of size i and j
µr Reduced moment of the population number density, µr = Mr/M0

νT Turbulent viscosity
να Stoichiometric coefficient of species α
ρ Density
σ Standard deviation of the particle diameter
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σT Turbulent Schmidt / Prandtl number
τφ IEM micromixing model mixing time
φ Eulerian passive scalar (composition) vector
ψ Sample space variable corresponding to φ

ψ
(n)
α Value of scalar α

Superscripts

(n) Denotes the nth field

Subscripts

c Denotes the continuum regime
cg Denotes coagulation

f Denotes the free molecular regime
g Denotes the gas-phase

glb Denotes a global lower bound
gub Denotes a global upper bound

in Denotes inception
s Denotes the solid-phase

sg Denotes surface growth

Symbols

〈 · 〉 Expectation
〈 · 2〉 Expected second moment
〈 · ′2〉 Expected variance
〈 · 〉MoM Expectation calculated using the method of moments
〈 · 〉N Empirical expectation calculated over N fields

Abbreviations

CFD Computational fluid dynamics
DQMoM Direct quadrature method of moments

IEM Interaction by exchange with the mean
MEPDF Multi-environment probability density function

MoM Method of moments
MoMIC Method of moments with interpolative closure

PDF Probability density function
PF Projected fields method

QMoM Quadrature method of moments
SF Stochastic fields method
TI Turbulence intensity
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