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Abstract

This paper is concerned with computational aspects of a multi-dimensional pop-
ulation balance model of a wet granulation process. Wet granulation is a manufactur-
ing method to form composite particles, granules, from small particles and binders.
A detailed numerical study of a stochastic particle algorithm for the solution of a
five-dimensional population balance model for wet granulation is presented. Each
particle consists of two types of solids (containing pores) and of external and inter-
nal liquid (located in the pores). Several transformations of particles are considered,
including coalescence, compaction and breakage. A convergence study is performed
with respect to the parameter that determines the number of numerical particles. Av-
eraged properties of the system are computed. In addition, the ensemble is subdi-
vided into practically relevant size classes and analysed with respect to the amount
of mass and the particle porosity in each class. These results illustrate the importance
of the multi-dimensional approach. Finally, the kinetic equation corresponding to the
stochastic model is discussed.
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1 Introduction

This paper is concerned with computational aspects of a multidimensional population
balance model of a wet granulation process. Wet granulation is a manufacturing method
to form composite particles, granules, from small particles and binders, using equipment
such as rotating drums, fluidised beds and high-shear mixers [31]. These composites have
enhanced handling properties over their raw components, and are used for a variety of
products, ranging from fertilizers to drugs and detergents. In order to yield granules with
a high product quality, a good understanding of the process is required, which may be
obtained through modelling of the granulation process. The formation of granules can
be described with population balances models, allowing the tracking of the number of
particles with desired properties.

Since the 1960’s one-dimensional population balance models, i. e., with one characteristic
property, have been used to describe granulation processes [18, 27]. A one-dimensional
description of the granules was subsequently found to be insufficient [17, 34], and models
with three or more dimensions have been introduced [4–6, 10, 23]. Several approaches
have been applied for the numerical solution of population balance models. These are
for instance the method of moments [24], sectional methods [1, 3, 14, 30], and finite el-
ement methods [16]. However, the computational effort for the solution of the models
with these methods increases enormously, if the number of dimensions is changed from
one to two, three, or even more. Stochastic particle methods offer an attractive alterna-
tive for the solution of multidimensional population balance models and have successfully
been applied to granulation models [4, 5]. Moreover, stochastic algorithms have not only
been applied to models for particulate processes such as crystallisation [33], nanoparticle
synthesis [2, 13, 21, 26, 28] and granulation [9, 32], but also to those for chemical reac-
tions [12], liquid-liquid mixing [15, 36] and droplet coalescence in clouds [11]. Several
studies investigated the stochastic treatment of aggregation processes for one- and two-
dimensional models [7, 19, 20, 29, 35]. Despite this wealth of studies, it remains open
how stochastic algorithms would perform for a model with a higher number of dimensions
and additional processes, for instance breakage of particles. In addition, an assessment
of the numerical approach with respect to the numerical errors is important, in particular,
when the solutions for different models are computed in order to discriminate one over the
other model. Another aspect in model development is the solving of the inverse problem,
i. e., the estimation of model parameters using experimental observations. A detailed un-
derstanding of the numerical solution of complex, multivariate models is beneficial, given
that surrogate models may be constructed and used for this task.

The purpose of this paper is to present a detailed numerical study of a stochastic particle
algorithm for the solution of a five-dimensional population balance model for wet granu-
lation. In particular, the influence of numerical parameters on the macroscopic properties
of the particle ensemble is investigated.

A description of the stochastic particle model is given in Section 2. Each particle consists
of two types of solids (containing pores) and of external and internal liquid (located in
the pores). Several transformations are introduced that correspond to coalescence, com-
paction and breakage of particles. Numerical results are presented in Section 3. A conver-
gence study is performed with respect to the parameter which determines the number of
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particles in the system. Several interesting properties of the system are computed, like the
number of particles per unit volume and the mean particle porosity. In addition, the en-
semble is subdivided into practically relevant size classes and analysed with respect to the
amount of mass and the particle porosity in each class. These results illustrate the impor-
tance of the multi-dimensional approach. Finally, in the Appendix, the kinetic equation
corresponding to the stochastic model studied in this paper is discussed.

2 Model

The mathematical model is a jump process characterised by the state space, the jump rates
and the jump transformations. Its purpose is to describe the evolution of particles in a high
shear granulation process. The particle vector

x = (so, sr, le, li, p)

consists of non-negative internal variables, which are

• original solid volume so

• reacted solid volume sr

• external liquid volume le

• internal liquid volume li and

• pore volume p .

Note that

li ≤ p and so + sr = 0 ⇒ p = 0 . (1)

Several dependent variables are defined. The particle volume is

v(x) = so + sr + le + p . (2)

The particle radius is (assuming a spherical shape)

R(x) =
3

√
3

4 π
v(x) .

With the assumption that the densities of the liquids and the reacted solid are the same,

ρle = ρli = ρsr , (3)

the particle mass takes the form

m(x) = ρso so + ρle (sr + li + le) ,
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where ρso and ρle are input parameters. The porosity is defined as

ε(x) =
p

v(x)
. (4)

The external surface area is (spherical particle)

ae(x) = π1/3 (6 v(x))2/3 . (5)

The internal surface area is

ai(x) = C p2/3 for some C ≥ 62/3 π1/3 ≈ 4.8 .

The constant C is an input parameter, which has to be fitted. The higher the value of C
is, the more tortuous are the pores. We use the value C = 15 , which gave good results in
[4].

The initial state of the system is a set of particles of the form

x = (so, 0, 0, 0, 0)

made up only of original solid. This set is composed according to a size distribution from
experiments.

Various processes are covered by the model:

1. Addition of liquid: Droplets of the form

x = (0, 0, le, 0, 0)

are added to the particle ensemble.

2. Coagulation: Two particles combine to a new particle. In addition to this, com-
paction takes place, i. e., the particle porosity is reduced.

3. Breakage: A particle splits into two particles.

4. Processes within a particle that do not change the number of particles in the en-
semble:

(a) Chemical reaction: Formation of the reaction product sr .

(b) Penetration: Migration of the external liquid le into the pores.

These processes are specified in the following.

2.1 Addition of liquid

Assuming that liquid addition is performed using a nozzle or similar device, two charac-
teristic properties exist in order to describe the process:
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• V̇l , the volumetric flow rate of the binder being added to the system, and

• pin(x) , the number based normalised droplet size distribution that gives the proba-
bility that a droplet being added to the system is of type x .

Both are input parameters. The mean droplet size is given by

V̄droplet =

∫
X

v(x) pin(x) dx ,

where X = [0,∞)5 denotes the type space. The density rate of the “inflowing” particles
is

f in(x) =
V̇l

Vreactor

pin(x)

V̄droplet
(6)

and the number inflow rate is∫
X

f in(x) dx =
V̇l

Vreactor

1

V̄droplet
, (7)

with Vreactor being the volume where the particle ensemble is contained in.

In the special case of pin(x) being the delta function at

x = (0, 0, Vdroplet,mono, 0, 0) ,

so that all droplets exhibit the same size, one obtains

V̄droplet = Vdroplet,mono .

2.2 Collisions

The collision rate of particles with the properties x′ and x′′ is given by the kernel

K(x′, x′′) = nimpeller K̂0 , (8)

with input parameters nimpeller (impeller speed) and K̂0 (rate constant).

The coalescence efficiency K̃ is calculated based on the Stokes criterion, which is a func-
tion of the viscous Stokes number and the critical Stokes number, with

K̃(x′, x′′) =


1 , if ecoag(x

′, x′′) = 0 ,

1 , if ecoag(x
′, x′′) > 0 and Stv

∗(x′, x′′) ≥ Stv(x′, x′′) ,

0 , otherwise.

The coefficient of restitution is defined as the geometric average of the coefficients of
restitution of the single particles x′ and x′′,

ecoag(x
′, x′′) =

√
e(x′) · e(x′′) . (9)
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A mass-weighted arithmetic average is used for the calculation of the coefficient of resti-
tution of each particle,

e(x) =


eso ρso so + ρle (esr sr + eli li)

ρso so + ρle (sr + li)
, if so + sr > 0 ,

0 , otherwise (droplet),

where eso , esr , eli ∈ [0, 1] are input parameters.

The viscous Stokes number is computed as

Stv(x′, x′′) =
m̃(x′, x′′)Ucol

3π η R̃(x′, x′′)2
,

with input parameters Ucol (collision velocity) and η (binder viscosity). The harmonic
mass of x′ and x′′ is

m̃(x′, x′′) =
2m(x′)m(x′′)

m(x′) +m(x′′)
.

The harmonic radius computes as

R̃(x′, x′′) =
2R(x′)R(x′′)

R(x′) +R(x′′)
.

The critical Stokes number is defined by

St∗v(x′, x′′) =

(
1 +

1

ecoag(x′, x′′)

)
ln

(
h(x′, x′′)

ha

)
,

with the input parameter ha (characteristic length scale of surface asperities). The thick-
ness of the binder layer h(x′, x′′) is defined as the combined binder thickness of the parti-
cles x′ and x′′,

h(x′, x′′) =
h(x′) + h(x′′)

2
,

with the thickness of the binder layer of a particle with the properties x being calculated
by

h(x) =
1

2
3

√
6

π

[
3
√
v(x)− 3

√
v(x)− le

]
.

The collision event leads to the following outcomes:

• If K̃(x′, x′′) = 1 , then particles coalesce and are compacted, provided that no
droplet is involved, i. e.,

x′, x′′ → T (x′, x′′) ,

where

T (x′, x′′) =

{
T+(x′, x′′) , if x′ or x′′ is a droplet,

T̂ (T+(x′, x′′)) , otherwise.
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• If K̃(x′, x′′) = 0 , then particles do not coalesce, but are compacted,

x′, x′′ → T̂ (x′), T̂ (x′′) .

The coalescence transformation T+ and the compaction transformation T̂ will be de-
scribed in the subsections following below.

2.2.1 Coalescence transformation

If the particles

x′ = (s′o, s
′
r, l
′
e, l
′
i, p
′) , x′′ = (s′′o, s

′′
r , l
′′
e , l
′′
i , p
′′)

coalesce, a new particle

x′′′ = (s′′′o , s
′′′
r , l
′′′
e , l
′′′
i , p

′′′) =: T+(x′, x′′)

arises. Its composition is defined in the following.

The volumes of the solid components are calculated as

s′′′o = s′o + s′′o , s′′′r = s′r + s′′r .

Due to the coalescence event some external liquid is assumed to become trapped inside
the new particle, i. e., the amount of internal liquid increases. This transferred volume of
liquid le→i is computed by

le→i(x
′, x′′) =

l′e + l′′e
2

1−

√√√√1−

(
6
√

(v(x′)− l′e) · (v(x′′)− l′′e )
3
√
v(x′) + 3

√
v(x′′)

)2
 . (10)

The volumes of the liquid components are calculated as

l′′′e = l′e + l′′e − le→i(x
′, x′′) , l′′′i = l′i + l′′i + le→i(x

′, x′′) .

Since 2
√
a b ≤ a+ b , one obtains

6
√

(v(x′)− l′e) · (v(x′′)− l′′e )
3
√
v(x′) + 3

√
v(x′′)

≤
3
√

(v(x′)− l′e) + 3
√

(v(x′′)− l′′e )

2
[

3
√
v(x′) + 3

√
v(x′′)

] ≤ 1

2

so that (10) implies

le→i(x
′, x′′) ≤ l′e + l′′e

2

[
1−
√

3

2

]
.

The pore volume p′′′ of the newly formed particle depends on the composition x′ and x′′.
If these particles are rather “hard” it is assumed that the surface area of the new particle
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is equal to the combined surface area of the predecessors. In contrast to this, two “soft”
particles will merge completely, so that their volumes add up to the volume of x′′′. The
“softness” of the particles is given by the coefficient of restitution (9). The pore volume
is calculated as

p′′′ =
A(x′, x′′)3/2

6
√
π

− s′′′o − s′′′r − l′′′e , (11)

where

A(x′, x′′) = (1− ecoag(x′, x′′))
(
ae(x

′)3/2 + ae(x
′′)3/2

)2/3
+

ecoag(x
′, x′′) (ae(x

′) + ae(x
′′)) .

Since a+ b ≥ (a3/2 + b3/2)2/3 , one obtains

A(x′, x′′)
3
2

6
√
π

≥ ae(x
′)

3
2

6
√
π

+
ae(x

′)
3
2

6
√
π

= s′o + s′r + l′e + p′ + s′′o + s′′r + l′′e + p′′

≥ s′′′o + s′′′r + l′e + l′′e + l′i + l′′i = s′′′o + s′′′r + l′′′e + l′′′i

so that the definition (11) is consistent with the condition p′′′ ≥ l′′′i (cf. (1)). Moreover,
(11) implies that the external surface area of the new particle satisfies (cf. (2), (5))

ae(x
′′′) = A(x′, x′′) .

2.2.2 Compaction transformation

During the collision event particles undergo compaction,

x → x̂ = (ŝo, ŝr, l̂e, l̂i, p̂) =: T̂ (x) ,

leading to a reduction of the pore volume. The porosity change is described by (cf. (4))

∆ε(x) =

{
kporred Ucol (ε(x)− εmin) , if kporred Ucol ≤ 1 and ε(x) ≥ εmin

0 , otherwise ,

with input parameters kporred (rate constant of porosity reduction), Ucol (collision velocity)
and εmin (minimum porosity, for which compaction takes place). Note that

∆ε(x) > 0 ⇒ ε(x)−∆ε(x) ≥ εmin .

Two scenarios are considered, depending on the critical porosity for fully saturated pores
(li = p),

εcrit(x) =
li

so + sr + le + li
. (12)

9



case (i)

If

ε(x)−∆ε(x) > εcrit(x) , (13)

then the amount of external liquid remains unchanged. The components of the compacted
particle are computed as

ŝo = so , ŝr = sr , l̂e = le , l̂i = li (14)

and

p̂ =
ε(x)−∆ε(x)

1− ε(x) + ∆ε(x)
(so + sr + le) . (15)

It follows from (14), (15) that

v(x̂) = so + sr + le +
ε(x)−∆ε(x)

1− [ε(x)−∆ε(x)]
(so + sr + le)

=
1

1− [ε(x)−∆ε(x)]
(so + sr + le)

and

ε(x̂) =
p̂

v(x̂)
= ε(x)−∆ε(x) .

Note that the function u
1−u is increasing for u ∈ [0, 1) . Using (12), (13) and (15), one

obtains (cf. (1))

p̂ ≥ εcrit(x)

1− εcrit(x)
(so + sr + le) = li = l̂i .

case (ii)

If

ε(x)−∆ε(x) ≤ εcrit(x)

then internal liquid is squeezed onto the particle surface. The components of the com-
pacted particle are computed as

ŝo = so , ŝr = sr , l̂e = le + li − p̂ , l̂i = p̂ (16)

and

p̂ = [ε(x)−∆ε(x)] (so + sr + le + li) . (17)
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It follows from (16), (17) that

v(x̂) = so + sr + le + li − p̂+ p̂

and

ε(x̂) =
p̂

v(x̂)
= ε(x)−∆ε(x) .

Note that

εcrit(x̂) =
l̂i

ŝo + ŝr + l̂e + l̂i
=

p̂

so + sr + le + li
= ε(x)−∆ε(x) = ε(x̂) .

2.3 Breakage

Breakage events are characterised by the breakage frequency and the breakage transfor-
mation.

breakage frequency

We consider a (parent) particle with properties x . The breakage frequency takes the form

g(x) =

{
k̂att U

2
imp [ε(x) Ψ(x) + χ(x)] v(x) , if v(x) ≥ vparent,min

0 , otherwise
, (18)

with input parameters k̂att (attrition rate constant) and Uimp (impact velocity, which is al-
lowed to depend on process conditions such as the impeller speed). The quantity vparent,min

will be defined in (23) below. The breakage frequency (18) includes the functions

χ(x) =
le
v(x)

(19)

and

Ψ(x) = 1−min

(
sr/ (so + sr + p)

s∗r
, 1

)
. (20)

The function Ψ accounts for the solidification of the particles, with the input parameter s∗r
(dimensionless critical amount of reacted solid so that the particle core does not break).

breakage transformation

The breakage transformation determines which particles are formed when a particle with
properties x breaks. In the current model, particle breakage yields an “abraded parent
particle” x′ and a “daughter particle” x′′.
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In order to define the volume of the daughter particle, a random quantity

vfrag(x, θ) = vfrag,min + θ [νmax v(x)− vfrag,min] (21)

is introduced, where θ∈ [0, 1] is randomly chosen according to the probability density

fatt(θ) =
1

B(a, b)
θa−1 (1− θ)b−1 ,

with

B(a, b) =

∫ 1

0

θa−1 (1− θ)b−1 dθ for some a, b ≥ 1 .

The quantity (21) is located on the interval[
vfrag,min , νmax v(x)

]
.

It is assumed that

νmax v(x) ≥ νmin,max vfrag,min . (22)

The parameter vfrag,min characterises the minimum fragment size, while νmin,max ≥ 1
provides a lower bound for the ratio of the volumes of the biggest and smallest possible
fragments. The input parameter νmax ≤ 0.5 defines the maximum fraction of the parent
particle that can break off. This quantity characterises whether fragmentation or attrition
is more likely in the system. In granulation two kinds of breakage pattern can be observed,
the first one being ’fragmentation’. As such, the fragments resulting from the breakage
with a fragmentation pattern are rather big (something like order of magnitude compared
to parent particle), whereas attrition leaves the parent particle nearly unchanged and fairly
small fragments are generated. Inequality (22) gives a definition of the smallest parent
particle that can be broken (cf. (18)),

vparent,min =
νmin,max

νmax

vfrag,min . (23)

The compositions of the newly formed fragment x′′ and the abraded parent particle x′

depend on the composition of the parent particle x . In the case

p > 0 , (24)

we define

s′′o = so
vfrag(x, θ)

v(x)
, s′′r = sr

vfrag(x, θ)

v(x)
,

l′′e = le
vfrag(x, θ)

v(x)
, l′′i = li

vfrag(x, θ)

v(x)
, p′′ = p

vfrag(x, θ)

v(x)

so that the composition of the daughter particle is the same as for the parent particle and

v(x′′) = vfrag(x, θ) .
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If the parent particle is non-porous, i. e.,

p = 0 , (25)

then the particle can either be a “real” particle with a completely solid core which is
covered by external liquid or the particle can be a droplet (v = le). The composition of
the daughter particle x′′ is defined as

s′′o = 0, s′′r = 0, l′′e = min(vfrag(x, θ), le), l
′′
i = 0, p′′ = 0 .

Note that breakage of non-porous particles without external liquid is not allowed (cf.
(18)–(20)) so that

0 < v(x′′) ≤ vfrag(x, θ) .

In both cases (24) and (25), the components of the abraded parent particle are defined as

s′o = so − s′′o, s′r = sr − s′′r ,
l′e = le − l′′e , l′i = li − l′′i , p′ = p− p′′ .

2.4 Processes within a particle

Between jump events particles move according to a system of ordinary differential equa-
tions

d

dt
x(t) = Dreac(x(t)) +Dpen(x(t)) ,

where the term Dreac describes the chemical reaction in a particle and the term Dpen

corresponds to the penetration process.

chemical reaction

The chemical reaction in a particle is dependent on the rate constants kreac,e and kreac,i as
well as on the surface areas ae and ai. The two contributions are computed as (reaction on
external/internal surface)

rreac,e(x) =

 kreac,e ae(x)
le

le + sr
, if so > 0 and le > 0

0 , otherwise ,

(26)

rreac,i(x) =

 kreac,i ai(x)
li

li + sr
, if so > 0 and li > 0

0 , otherwise .

With the assumption (3) the derivatives of each particle component are given by
dso
dt

= 0 ,
dsr
dt

= rreac,e(x) + rreac,i(x) ,

dle
dt

= −rreac,e(x) ,
dli
dt

= −rreac,i(x) ,
dp

dt
= −rreac,i(x) .
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penetration

The penetration rate depends on the rate constant k̂pen and the liquid viscosity η and
equates as

rpen(x) = k̂pen η
−1/2 le (p− li) . (27)

The derivatives in the single components are given by

dso
dt

= 0 ,
dsr
dt

= 0 ,

dle
dt

= −rpen(x) ,
dli
dt

= rpen(x) ,
dp

dt
= 0 .

3 Numerical studies

Here we perform numerical studies with the Direct Simulation Monte Carlo algorithm
based on the model described in the previous section. A stochastic particle system is
introduced,

z(t) =
(
xj(t) , j = 1, . . . , n(t)

)
t ≥ 0 . (28)

This system depends on a parameter N that controls the number of numerical particles.
The sequence of random processes (28) approximates (as N → ∞) the particle density
f(t, x) ,

1

VN

n(t)∑
j=1

δxj(t)(dx) ∼ f(t, x) dx . (29)

The normalisation parameter VN is such that

n(0)

VN
=

∫
X

f0(x) dx ,

where f0 is the initial particle density.

3.1 Algorithmic issues

Given a state z = (x1, . . . , xn) , the waiting time τ for the jump process (28) is generated
from

Prob{τ ≥ s} = exp(−ρtotal(z) s) , s ≥ 0 ,

with
ρtotal(z) = ρinc(z) + ρcoag(z) + ρbreakage(z) .
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The waiting time parameter for the addition of liquid is (cf. (7))

ρinc(z) =
V̇l

Vreactor

VN
V̄droplet

. (30)

The waiting time parameter for collisions is (cf. (8))

ρcoag(z) = K̂0 nimpeller
n (n− 1)

2VN
.

The waiting time parameter for breakage is (cf. (18))

ρbreakage(z) =
n∑

j=1

g(xj) . (31)

At time τ , a jump mechanism is chosen according to the probabilities

ρinc(z)

ρtotal(z)
,

ρcoag(z)

ρtotal(z)
,

ρbreakage(z)

ρtotal(z)
,

leading either to the addition of a droplet, to the collision of two particles, or to the break-
age of one particle. The indices of colliding particles are chosen uniformly. The index i of
the particle to break is chosen according to the probabilities g(xi)/ρbreakage(z) (cf. (31)).

The number of particles is kept in a prescribed region by applying particle doubling and
random reduction. In this study we use

n(0) = 0.75N and n(t) ∈ [0.375N,N ] ∀ t ≥ 0 . (32)

The Linear Process Deferment Algorithm [22], with a constant volume approach, is em-
ployed, where the processes within a particle are the deferred processes. The deferred
processes are updated whenever a particle is involved in a collision or breakage event. In
the present test case this happens about 20 times per second.

The additional error caused by these algorithmic ingredients is not significant in the
present setup of the test case, so that no further details are discussed.

3.2 Confidence intervals

For each of the system properties, such as the mean number of particles per unit volume or
the mean particle porosity, we study the influence of the parameter N on the convergence
of the algorithm. Those macroscopic properties of the system are expressed as random
variables ξ(N)(t) depending on time t . The empirical mean is

η
(N,L)
1 (t) =

1

L

L∑
l=1

ξ(N,l)(t)

and the empirical variance is

η
(N,L)
2 (t) =

1

L

L∑
l=1

ξ(N,l)(t)2 − η(N,L)
1 (t)2 ,
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where L is the number of independent runs of the simulation and ξ(N,l)(t) denotes the
value of ξ(N)(t) during the run l . Confidence intervals are constructed as

η
(N,L)
1 (t)± ap

√
η
(N,L)
2 (t)

L
.

These intervals contain the expectation of ξ(N)(t) with probability p . The value ap is the
solution of the equation

p =
√

2/π

∫ ap

0

exp(−t2/2) dt = erf(ap/
√

2)

and can be obtained from tables for the error function. In our calculation we use ap =
1.64 , which corresponds to p ' 0.9 .

The error is measured as

e(N,L)(t) =
∣∣∣η(N,L)

1 (t)− ζ(t)
∣∣∣ .

It contains both the systematic and the statistical error. The function ζ(t) is an approxi-
mation for the true value, which is obtained from a “master calculation” with a very large
number of particles. An average error is computed as

ē(N,L) =
1

I

I∑
i=1

e(N,L)(ti) , (33)

where I is the number of observation points.

3.3 Approximation results

The model provides an estimate for the particle density f (cf. (29)). From this, practically
relevant properties of the particle ensemble and subsets of it can be derived. Ensemble in
this context means the population of all entities.

In our calculation the “true” solution is obtained from a run with N = 524288 (cf. (32))
and L = 8 repetitions. Otherwise, the product N × L = 524288 is kept constant so
that the width of the confidence bands is roughly the same for all curves. The observed
order of convergence of the systematic error is 1/N (indicated by the solid lines in the
corresponding figures). The values of the model parameters used in the test case are
summarised in Table 1 in the Appendix.

3.3.1 Ensemble properties

The examination of a batch of (numerical) particles allows for the deduction of various
characteristics of the ensemble.
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Figure 1: Number of particles per unit volume (34)

number of particles per unit volume

The number of particles per unit volume, i. e., the zeroth moment

m0(t) =
n(t)

VN
, (34)

is the simplest property of the particle ensemble. This quantity is governed by the inter-
play of the different processes, with inception/inflow and particle breakage leading to an
increase, and coalescence leading to a decrease of the number of particles. Its dependence
on the parameters N (cf. (32)) and L (number of repetitions) is shown in Figure 1, while
the error (33) is displayed in Figure 2.

volume of particles per unit volume

From the composition of each particle, the individual particle volume (2) can be com-
puted. The summation over all particles leads to the first moment

m1(t) =
1

VN

n(t)∑
i=1

v(xi(t)) , (35)

which is the fraction of the control volume (i. e., apparatus) taken up by the particulate
matter. The dependence of this quantity on the parameters N and L is shown in Figure 3.
Note that quantity (35) is less than the apparent volume fraction of the packed particle
ensemble due to the interstitial voidage between the particles.
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Figure 4: Number averaged porosity (36)

mean particle porosity

Apart from solids and liquids, the pore volume of each particle is tracked in the multidi-
mensional model, allowing for the computation of the particle porosity. This property is
often of importance for particulate matter and crucial for the dissolution/disintegration of
granules, e. g. pharmaceuticals, fertilizer or detergents. A number averaged porosity shall
be defined by

ε0,m(t) =
1

n(t)

n(t)∑
i=1

ε(xi(t)) . (36)

The dependence of this quantity on the parameters N and L is shown in Figure 4.
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3.3.2 Sieve class properties

For the use of the granules in a specific application, e. g. as detergent, certain character-
istics need to be met. A common classification of the particles is the one by size. This
means, the product has to pass a set of screens, and granules being too small (undersize)
or too big (oversize) are removed. In order to mimic such sieving/screening process, the
computational ensemble is split according to the particle sizes into classes (that would
result from a screening process). The “sieves” are chosen from standard sieve series and
have mesh sizes of 150, 300, 600, and 1200µm, leading to three classes (150µm and
1200µm happened to encompass the diameters of all existing particles).

mass fraction in sieve classes

For each of the sieve classes we define the mass fraction of the particular sieve cut in the
particle ensemble,

q3,k(llow,k, lup,k) =
mk(llow,k, lup,k)

mtotal

, (37)

where k is the number of the class, llow,k and lup,k are the lower and upper boundary of
the class, mk is the mass of the particles in the class and mtotal is the mass of the entire
ensemble. The dependence of the quantities (37) on the parameters N (cf. (32)) and
L (number of repetitions) is shown in Figures 5 (150–300µm), 7 (300–600µm) and 9
(600–1200µm). The corresponding errors (33) are displayed in Figures 6, 8 and 10.

mean particle porosity in sieve classes

Once the granules are classified, it is not only of interest how much material belongs to
each size class, but also which properties the particles in each class have. One of them is
the porosity of the particles, and distinctive differences can be observed for the particles
of the different size classes. The dependence of the quantities (36) in each class on the
parameters N and L is shown in Figures 11, 13 and 15. The corresponding errors (33) are
displayed in Figures 12, 14 and 16.
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Figure 5: Mass fraction (37) of sieve class 150–300µm
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Figure 6: Error in quantity (37) for sieve class 150–300µm as function of N
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Figure 7: Mass fraction (37) of sieve class 300–600µm
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Figure 8: Error in quantity (37) for sieve class 300–600µm as function of N
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Figure 9: Mass fraction (37) of sieve class 600–1200µm
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Figure 10: Error in quantity (37) for sieve class 600–1200µm as function of N
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Figure 11: Number averaged porosity (36) in sieve class 150–300µm
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Figure 12: Error in quantity (36) for sieve class 150–300µm as function of N
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Figure 13: Number averaged porosity (36) in sieve class 300–600µm
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Figure 14: Error in quantity (36) for sieve class 300–600µm as function of N
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Figure 15: Number averaged porosity (36) in sieve class 600–1200µm
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Figure 16: Error in quantity (36) for sieve class 600–1200µm as function of N
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3.4 Efficiency issues

The main focus of the numerical experiments was studying the convergence of the mea-
sured quantities with respect to the parameter N (cf. (32)). Confidence bands turned out
to be sufficiently narrow to illustrate this behaviour and even to indicate the order of con-
vergence. However, the calculations were rather time-consuming so that increasing the
efficiency is a challenging task. In the context of stochastic particle methods an appropri-
ate tool is variance reduction, i. e., modifying the algorithm in such a way that the mean
quantities are similar, but the stochastic fluctuations are smaller. This allows to get the
same approximations by producing fewer trajectories of the particle ensemble. We have
not really addressed the variance reduction problem so far, but the following observations
should be mentioned in this context.

stochastic versus deterministic liquid addition

The addition of droplets to the particle ensemble is performed as a Markov jump process
(cf. Section 3.1). Alternatively, the droplets can be added after a predetermined time step
1/ρinc(z) (cf. (30)), which is a function of the process conditions (mean droplet size,
liquid flow rate) and of the numerical parameter N .

With this deterministic droplet addition, it has been observed that the fluctuations in the
measured quantities are reduced compared to the case when the droplets are added in a
stochastic manner. For example, the plot of the mean volume

v̄(t) =
m1(t)

m0(t)
=

1

n(t)

n(t)∑
i=1

v(xi(t)) (38)

in Figure 17 shows that the model response is approximately the same. However, the
uncertainty is on average about three times higher for stochastic liquid addition compared
to the deterministic version. The runtimes for both simulations were roughly the same
(about 43000 s ' 11.5 h on AMD OpteronTM Processor 252, 2.6 GHz).
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4 Conclusions

A numerical study of the solution of a multidimensional population balance model for
wet granulation with a stochastic algorithm has been performed. The stochastic particle
model was described in detail, with each particle consisting of two kinds of solid, two
kinds of liquid and pores. Various transformations are part of the model, for instance
coalescence, compaction and breakage of the particles. Due to the complexity of the
model the weak form of the kinetic equation which corresponds to the stochastic process
has been stated. A convergence study of the stochastic algorithm was performed with
respect to the number of numerical particles.

Fast convergence of order 1/N was achieved for properties of the whole ensemble, such
as the number of particles and the average particle porosity. For example, with 2000
numerical particles the error in the average particle porosity was less than 1 %.

In order to mimic a granules production, the numerical particle ensemble was divided
into practically relevant size classes. The mass fraction and the particle porosity of these
size classes as function of the number of numerical particles were studied. The order of
the convergence remained the same, however larger number of numerical particles are
required to achieve small errors.

Finally, a stochastic and a deterministic model of liquid addition were studied. The deter-
ministic addition of droplets proofed to reduce the fluctuations in the observed quantities.

For the first time a relationship between numerical error and approximation parameter for
a complex multivariate population balance has been presented. Thus the current study
serves as a benchmark for future algorithm improvements and new possibly deterministic
algorithms. The information is also useful to construct surrogate models which are needed
to solve the inverse problem, i. e., estimate the parameters in the model for a given set of
experimental observations.
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A The kinetic equation

Due to the complexity of the stochastic process considered in this paper, it is not possible
to provide a kinetic equation for the particle density in the common strong form. Instead,
a weak form of the equation is given, where the solution is integrated with respect to
appropriate test functions. Nonlinear kinetic equations with an inflow term and rather
general interactions were studied in [8, Th. 2.3]. A particular nonlinear kinetic equation
with a gradient term was considered in [25, Sect. 2.2.1]. According to these results, the
temporal evolution of the particle density f(x, t) for a batch process with no outflow is
characterised by the equation

d

dt

∫
X

ϕ(x) f(t, x) dx =

∫
X

[
(D(x),∇x)ϕ(x)

]
f(t, x) dx+∫

X

ϕ(x) f in(x) dx+

∫
X

[∫
E

[〈ϕ, ξ〉 − ϕ(x)] q1(x, dξ)

]
f(t, x) dx+∫

X

∫
X

[∫
E

[〈ϕ, ξ〉 − ϕ(x)− ϕ(y)] q2(x, y, dξ)

]
f(t, x) f(t, y) dx dy ,

where the test functions ϕ should be differentiable and have compact support. To keep
terms short and the structure of the equation transparent, we use kernels q1 , q2 and the
notations

〈ϕ, ξ〉 =
k∑

i=1

ϕ(ξi) , ξ ∈ E := X ∪X2 .

The kernel q1 describes the jumps involving one particle (e.g., fragmentation), while the
kernel q2 determines the binary interactions (e.g., collision).

For our particular model, the function f in is given in (6) and (cf. (26), (27))

D(x) =


0

rreac,e(x) + rreac,i(x)
−rreac,e(x)− rpen(x)
−rreac,i(x) + rpen(x)

−rreac,i(x)

 .

Moreover, one obtains (see Section 2.3)∫
E

[〈ϕ, ξ〉 − ϕ(x)] q1(x, dξ) =

g(x)

∫ 1

0

fatt(θ) [ϕ(x′(x, θ)) + ϕ(x′′(x, θ))− ϕ(x)] dθ

and (see Section 2.2)∫
E

[〈ϕ, ξ〉 − ϕ(x)− ϕ(y)] q2(x, y, dξ) =
1

2
nimpeller K̂0×{

ϕ(T (x, y)) K̃(x, y) + [ϕ(T̂ (x)) + ϕ(T̂ (y))] (1− K̃(x, y))− ϕ(x)− ϕ(y)
}
.
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B Values of model parameters in test case

Table 1: Values of model parameters

parameter unit value
Starting material
solid particles so m3 8.78 · 10−12

ρso kg/m3 2509
liquid droplets Vdroplet = le m3 6.54 · 10−11

ηl Pa s 23 · 10−3

ρle kg/m3 1025
Mixer-granulator operating parameters

V̇l m3/s 1.084 · 10−6

nimpeller s−1 3
Ucol m/s 0.13
Uimp m/s 1.19

Breakage
k̂att s m−5 8.0 · 1010

s∗r - 1.0 · 1020

a - 5.0
b - 2.0

vfrag,min m3 4.1888 · 10−12

νmax - 0.5
νmin,max - 1.1

Chemical Reaction
C - 15

kreac,e m/s 1.0 · 10−8

kreac,i m/s 1.0 · 10−8

Coalescence
eso - 1
esr - 1
eli - 0
ha m 1.0 · 10−6

K̂0 m3 1.0 · 10−9

Compaction
kporred s/m 0.4
εmin - 0.25

Penetration
k̂pen kg1/2 s−3/2 m−7/2 1.0 · 1010
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