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Abstract

In this work we investigate the effect of non-uniform surface growth on flame
generated nanoparticle aggregates. Two models are considered for the change in
shape of a two unit aggregate gaining mass through surface reactions in order to
answer a question from [Balthasar & Frenklach, Proc. Combust. Inst. 30(2005),
1467]. The first model, taken from the literature, represents the primary particles,
which comprise an aggregate, as uniformly expanding, overlapping spheres. A sec-
ond, new model is introduced, in which all growth is concentrated on the formation
of a frustum between the two primary particles and used to test the importance of the
uniform growth assumption. The effects of both models are investigated for soot for-
mation in laminar premixed flames and are shown to predict significant differences
in particle shape for a number of systems. The comparison was performed by cal-
culating the percentage increase in mass needed to return a newly formed two unit
aggregate to different levels of sphericity for both models, and collecting values for
this percentage from simulations of premixed laminar flames.
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1 Introduction

This short article provides an answer to a question1 about the effect of preferential loca-
tions for surface reactions on flame-generated, aggregate nanoparticles asked when the
paper by Balthasar and Frenklach [3] was presented at the 30th International Symposium
on Combustion. The work in [3] concerned very detailed simulations of soot particle pop-
ulations in laminar premixed flames, which built on the methods developed in [12, 13].
In that work very detailed models of the aggregate structures of soot particles were repre-
sented by unions of intersecting spheres.

The model used in [3] is that soot particles form when small solid particles are incepted
from the gas phase. Particles can then grow (or shrink and burn up) and coagulate. Imme-
diately after coagulation, particles are assumed to be in approximately point contact, thus
there is a narrow neck and a small zone where the surfaces of the two particles are very
close together. The questioner asked what would happen if “the ‘saddle-shaped’ region
where two particles touch was either: a.) a preferred site for growth (as in the case of
capillary condensation) or, alternately b.) relatively ‘inaccessible’ ”. The original work
[3] had assumed that surface reactions were evenly distributed over the free surface area
of all primary particles; the relevant part of the model is summarised in section 2.1.

Preferential surface growth (if particles are to form then growth reactions must initially
predominate) around the point of contact between two newly joined particles would lead
to a more rapid build of the join between them. It might also affect the amount of surface
growth required to build the two newly coagulated particles into one larger, approximately
spherical particle. That such rounding out takes place is well established since TEMs of
soot particles, such as those in [15] and [25], show the soot to be composed of a modest
number of so called primary particles with diameters of the order of 20 nm. Since soot
particles contain graphitic material [26] and substantial numbers of large polyaromatic
hydrocarbon molecules [1, 3], which are unlikely to exhibit liquid like flow or diffusion,
the formation of frustums between primary particles would have to be explained in terms
of the neck region being a preferred reaction site for surface growth processes. For inor-
ganic nanoparticles, surface diffusion and flow could play a role in building frustums, in
addition to any effects of preferred reaction sites. Recently there has been some evidence
that aliphatic species can also be observed in soot particles. These aliphatic molecules
have higher mobility than the large PAH units and might be subject to surface diffusion,
which in turn would lead to ‘liquid properties’ for the soot particle [28]. However from
the data available it is unclear how important this effect is. Due to the focus on soot parti-
cles in the present work, only preferred reaction sites will be considered. For information
on sintering in inorganic nanoparticles see [21], the detailed modelling studies in [10] and
the references of those papers.

In this article the expanding and overlapping sphere model used for surface growth in
the initial work [3] will be briefly reviewed. Then a new model, the ‘Conical Frustum’
model, which concentrates the growth in the necks between newly coagulated particles
will be presented. Finally, the differences between the two models will be assessed by
considering the amount of mass required to build two spheres in point contact up into an

1The symposium proceedings [3] include a record of this question; it appears after the references, as the
first item on page 1475.
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approximately spherical shape.

2 Surface Growth Models

Figure 1 shows a dimer (two primary element) particle at the moment after coagulation.
Let the left-hand and right-hand spheres have initial radii, r1,0 and r2,0 respectively. The

r1,0 r2,0

L

Figure 1: Diagram of the dimer particle

distance between the centres of the two spheres is L = r1,0 + r2,0.

The dimer will have an initial volume of

v0 =
4π

3

(
r3
1,0 + r3

2,0

)
, (1)

and a surface area of
a0 = 4π

(
r2
1,0 + r2

2,0

)
. (2)

The sphericity (the inverse of the ratio of the actual surface area to that of a sphere with
the same volume2) is then

ψ =
π

1
3 (6v0)

2
3

a0

. (3)

Two models will now be considered for the way new material can be added to the surface
of the dimer of figure 1. First the original, Overlapping Spheres model will be reviewed.

2.1 Overlapping Spheres (OS)

Figure 2 shows the spheres after a certain amount of surface growth, which is simply
modelled as an increase in radii from r1,0 and r2,0, to r1 and r2. No new material is
required to expand the section of each particle that is already enclosed by the other, but
these enclosed regions do not have a free surface so they cannot participate in surface

2A sphere has sphericity 1, a long thin shape will have sphericity only a little greater than 0.
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growth. The notional internal boundaries are drawn in figure 2 to make the size of the
overlap between the two spheres clear.
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Figure 2: Diagram of the dimer particle with partially-overlapping radii.

The angles, θ1 and θ2 from figure 2 can be determined by applying the cosine rule to the
triangle of lengths r1, r2 and L. One obtains

cos(θ1) =
r2
1 + L2 − r2

2

2r1L
and cos(θ2) =

r2
2 + L2 − r2

1

2r2L
. (4)

The volumes to the left (n = 1) and right (n = 2) of the line AB may be obtained from a
volume integral or by combining standard formulæ to get

vSphSect,n = πr3
n

[
2

3
+ cos(θn)− cos3(θn)

3

]
, n = 1, 2. (5)

In a similar way, the surface areas are:

aSphSect,n = 2πr2
n (cos(θn) + 1) , n = 1, 2. (6)

2.2 Conical Frustum Growth (CF)

Figure 3 is a schematic representation of the dimer undergoing initial conical frustum
growth. The angle φ1 ∈ [0,Φ] (given in radians) is a variable used to describe the extent
of the frustum growth. Φ is the maximum possible angle for a conical frustum. By simple
geometry

cos(Φ) =
r1 − r2
L

. (7)

To prevent unrealistic frustum shapes φ1 and φ2 are coupled by requiring them both to
take up the same fraction of their maximum possible value, that is,

φ2 = φ1
π − Φ

Φ
. (8)
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Figure 3: Diagram of the dimer particle with partial conical frustum.

In particular, this linear expression ensures that φ1 and φ2 are both 0 together and take
their maximum values together.

The total volume of a particle with a conical frustum defined by the angle φ1 can be
calculated by dividing the shape into three regions divided by two vertical lines (planes)
running through the points where the ends of the frustum touch the surfaces of the spheres.
The volume of the two outer regions is then found from (5) by replacing θn with φn, The
(horizontal) length of the frustum, L′, is

L′ = L− r1 cos(φ1)− r2 cos(φ2). (9)

The equation of a straight line, y = mx+ c, connecting the ends of the frustum is easy to
calculate and a volume of revolution integration can then be performed showing that the
volume of the conical frustum is

vfrustum = π

∫ L′

0

(mx+ c)2 dx = π

(
m2L′3

3
+mcL′2 + c2L′

)
. (10)

and so the total volume of the particle is given by

v = vSphSect,1 + vSphSect,2 + vfrustum. (11)

The surface area of the conical frustum can be determined by a surface integral:

afrustum = π [r1 sin(φ1) + r2 sin(φ2)]×
√

(r1 sin(φ1)− r2 sin(φ2))
2 + L′2. (12)

The surface areas of the spherical sectors are found from (6), again replacing θn with φn.
The total area of the particle is found as

a = aSphSect,1 + aSphSect,2 + afrustum. (13)

When the frustum has grown such that φ1 = Φ, we enter a secondary growth regime for
the particle. Figure 4 shows the growth of the particle in this state. When this happens the
volumes and area of the shape are calculated from (5), (6), (10), (11), (12) and (13) with
the angles φ1 and φ2 replaced by Φ and π − Φ respectively.
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Figure 4: Diagram of the dimer particle with full conical frustum and further growth.

3 Results and Discussion

The two models outlined above were analysed in terms of change in sphericity (see (3))
and the mass change of particles expressed as a fraction of their initial mass. For a particle
of initial mass m gaining an amount of mass 4m let the fractional change in mass be
denoted by

ξ =
4m
m

. (14)

3.1 Idealised Analysis

Two different initial dimer configurations were considered. In the first case, the radii
of both sub-particles were equal (r1,0 = r2,0 = 1). In the second case, the radii were
different, (r1,0 = 2, r2,0 = 1).

Figure 5 shows how ξ and the sphericity, ψ are related for the first case and how the two
models from section 2 differ from each other. The initial condition is ψ = 0.794. It is
clear from the graphs that the CF model requires much less mass to raise the sphericity
of the dimer to any value below 0.98 than the OS model. For example, if ξ = 1, the OS
model produces a sphericity of 0.87, whereas the CF model produces 0.94. As might be
expected there is a discontinuity in the gradient of the CF curve at the point where frustum
growth is complete. After this point the CF model behaves in a similar manner to the OS
model and the curves rapidly converge.

Figure 6 shows the response of sphericity to ξ for the second case, where one particle had
twice the initial radius of the other. In this case the initial condition is ψ = 0.865. As
before, it is clear the CF model requires less mass to convert the dimer to near-sphericity
than the OS model.

Once the radii of the two particles forming a dimer differ by a factor of more than 3 the
sphericity of the dimer will exceed 0.9. For such particles the amount of mass required to
complete the frustum is relatively small and the regime in which the CF and OS models
converge would be reached quickly. Therefore the above analysis was not extended to
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Figure 5: The variation of ξ with ψ for two particles of equal size (r1,0 = r2,0 = 1).
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Figure 6: The variation of ξ with ψ for two particles of r1,0 = 2, r2,0 = 1.
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ratios of more than 2:1.

The above results suggest that preferential growth around the points of contact between
sub-units within an aggregate would lead to significantly different aggregate structures to
those that would form if growth were evenly distributed over all the free surface of an
aggregate. The differences in the size of the connections between primary particles will
be greatest when large numbers of similarly sized particles are incepted in a short space
of time and then quickly move to a location where there is little surface growth. The
differences will be much smaller if inception is spread over a longer period of time so that,
in general, coagulation will join a small particle to a large one and if surface growth leads
to a high mass addition rate over an extended period of time. In summary, preferential
growth at points of contact between aggregate sub-units would lead to rounder particles
in situations where surface growth occurs at a low rate or where nucleation is intense and
brief, for example in the flame JW10.673 considered below, but make little difference to
flames with abundant surface growth such as HWA3, also considered below.

Figures 5&6 also show that the two models will predict similar surface areas for particles,
because the ratio of ψ for two particles of the same mass is the inverse of the ratio of their
surface areas. Since growth reactions on particle surfaces are the main route for soot mass
increase [16] and figures 5&6 indicate a maximum difference in surface area of under
15% the difference in growth rates between the OS and CF models is also unlikely to
exceed 15%. The two models will therefore predict similar soot volume fractions.

Examination of figure 6 suggests that the key region of difference between the frustum and
overlapping spheres models for surface growth is 0.03 < ξ < 1. Accordingly estimates
of the values of ξ applicable to soot particles in premixed laminar flames are presented.

3.2 Estimates of ξ for Physical Systems

Values of ξ were tracked in simulations using the soot model and accelerated direct sim-
ulation Monte Carlo algorithm from [2, 16, 17, 19]. Values averaged across the particle
populations are plotted for a range of premixed flames in figure 7. A summary of the
flame conditions simulated is given in table 1. Simulations of DLR6 were stopped just
above the stabilizing grid used in the experiments [22].

Table 1: Summary of simulated flames.

name P / bar equiv. ratio simulated height / cm reference
JW10.673 10 2.02 3.4 [9]

DLR6 5 2.4 3.6 [22]
HWA3 1 1.92 1.3 [27]
HWA1 1 1.92 1.2 [27]
JW1.69 1 2.07 4.1 [9]

When considering the data in figure 7 one should note that what is shown is the average
across all particles in the flames. Particles that have just been formed by inception or
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coagulation will have small values of ξ. Large particles will tend to have smaller values
of ξ than small particles because they will have a lower surface to volume ratio. This
correlation can be clearly seen in figure 8, where a bimodal size distribution corresponds
to a bimodal ξ distribution. Far from the burner surface the other flames considered also
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Figure 8: ξ and diameter distribution at top of JW1.69.

have a similar diagonal structure to that seen far from the burner surface of JW1.69 in
figure 8; although the flames with unimodal size distributions at these distances naturally
do not have the second peak seen at the very left of figure 8.

Another way to explore the size—ξ correlation is to consider mass weighted averages
instead of the number weighted averages used in figure 7. For all the flames considered
the mass weighted average of ξ was lower than the number weighted average, typically
by a factor of around 10 at the end of the flame.

The simulated values of ξ show that a significant number of particles are likely to be in the
critical 0.03 < ξ < 1 region throughout many, but not all, premixed laminar flames with
light hydrocarbon fuels. Therefore, for most flames, the overlapping spheres model would
predict the onset of aggregation earlier than the frustum model. Soot particles in diffusion
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flames also move from rich to lean conditions [8] and so pass through the critical ξ region
and, provided the transition is not too rapid, the choice of model will be significant for
this type of flame too.

In principle it should be possible to choose between the two models by seeing which best
predicts particle structures sampled from different flame positions. TEM techniques for
this are well developed [20] and AFM has also been used [4]. However, such comparisons
would be heavily influenced by the surface growth rates predicted by the soot and flame
chemistry model used and the chemistry of sooting systems is an active area of research
[6, 7, 11, 24]. A general conclusion on which of the two models considered in this paper
is to be preferred for flame simulation will therefore not be possible until quite accurate
models are available for a range of flames. These models will need to include the surface
growth rates involving a range of chemical species and the structure of soot particles.
Theoretical [5, 23, 24] and experimental [14, 26] efforts are in progress to reach this goal.

3.3 Cancellation of Growth and Oxidation

Implicit in (14), and in the work using the overlapping spheres model [3, 13], is the as-
sumption that surface growth and oxidation may be cancelled against each other before
calculating the change in particle shape. This is quite an important assumption because
the processes are quite finely balanced. For the flame HWA3 the mass addition and re-
moval differ by no more than one part in 104. Other work by the current authors, with a
less detailed model of particle shape [18], indicates that separate distributions of surface
growth and oxidation can make a 20% difference to the total particle surface area. This
difference arises in the initial stages of a flame and persists to the end of the flame along
with an approximately proportional increase in soot mass.

4 Conclusion

The answer to the question from the 30th Symposium is that, if the model, to which
the question referred, is changed only by concentrating all surface reactions at the necks
between the primary particles making up aggregates, then the flame position and particle
size at which aggregations is predicted to start will be affected. However, the soot volume
fraction would not be significantly changed.
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