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Abstract

New bivariate models, without free parameters, for soot particle structure are in-
troduced to qualitatively replicate observed particle shapes and are found to offer
quantitative improvements over older single variable models. Models for the devel-
opment of particle shape during surface growth and for particle collision diameters
are set out, and implemented along with two models taken from other published
work. Using a stochastic approach, bivariate soot particle distributions are calculated
for the first time. Distributions calculated for the new models are found to be insen-
sitive to the collision diameter model used for coagulation. The total mass of soot
produced in a laminar premixed flame is found to vary by no more than 20% as the
model for the geometric effects of chemical reactions on the surface of particles is
changed. Histories of individual particles are analysed and show the limitations of
collector particle techniques.
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1 Background

The fractal nature of large soot particles has been known for some time from electron
micrographs, for examples from diffusion flames see [32, 15] and an example from a
premixed flame is given in [39]. The extensive review paper [30] gives an indication
of how much work has been done on experimental techniques to measure the properties
of these fractal structures. Detailed consideration of how to account for the assumed
fractal nature of soot particles from road vehicles has even been included in atmospheric
modelling [10].

Simulation or prediction of the fractal structure of soot particles is at a less advanced
stage. Mitchell and Frenklach started to investigate soot aggregation in [17, 18, 19] by
representing a single ‘collector’ particle as a union of intersecting spheres. The natural
extension of this work to a population of particles with structures represented as a union of
spheres is presented in [5], but this is very computationally expensive. A huge simplifica-
tion of the model, including an assumption that particle size and structure are independent,
and incorporating a numerical fit for the functional form of the particle collision diame-
ter, enables very fast calculations to be made for the lower moments of the particle mass
distribution and a measure of mean shape [3]. These ‘method of moments’ calculations
seem to offer considerable insight into the development of particle structure, although it
is difficult to assess the significance of the different modelling approximations using their
numerical framework—the method of moments with interpolative closure [8].

Park and Rogak [23] added a partial representation of aerosol particle structure to a one
dimensional sectional technique and produced software designed to simulate a plug flow
reactor [24]. Their work differed from the approach of Frenklach and his co-workers by
representing particle structure with a quantity which has a simple physical meaning—the
average number of primary particles per aggregate, with a separate average being taken
within each size section. To calculate particle collision diameters from this information
an assumed fractal dimension of 1.8 was used [37, 38] which implies a very open par-
ticle structure. This value of 1.8 has been used by other authors, for example, in [33]
and reported from diffusion flame soot TEM images in [14]. Slightly lower values were
obtained from light scattering experiments on premixed methane-oxygen flames in [31].

In [13] the influence of fractal dimension on coagulation rates is discussed and reported
to be small in the continuum regime (particles large compared to the free path) but to be
significant in the free molecular regime (particles small compared to the free path). Since
smaller soot particles will be in the free molecular regime even at elevated pressures (for
example, a 5 nm particle at 10 bar) exploration of models for the collision cross-section
such as assumed fractal dimensions seems desirable. The importance of this is empha-
sized by the TEM images in [21] which show soot particles from a laminar premixed
ethylene flame which are not really fractal and, despite the results mentioned in the previ-
ous paragraph, do not seem to have a fractal dimension as low as 1.8.

The purpose of the work reported in this paper is to introduce and test simple models for
the aggregate structure of soot particles with the first fully bivariate simulations of soot
formation. Understanding the properties of these models is a critical first step in building
simulations with realistic models for soot surface chemistry. Without such simulations
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it will be impossible to progress from the descriptive fits of [40, 12, 1] to mechanistic
models. Simulation of particle structure will also enable more careful comparisons with
experimental data based on particle mobility sizing [41, 16] and scattering techniques
such as those discussed above and, for example, [36] and [6].

2 Framework

2.1 The flame

To keep the physical system as well defined as possible this work concentrates exclusively
on laminar premixed flames. The soot model, an extension to which is described below,
is introduced in [1] on the assumption of spherical particles and based on the gas phase
chemistry from [35]. In this model soot particles are assumed to form exclusively through
the coalescence of two pyrene molecules to make a (spherical) particle of 32 C atoms.
Particle growth is possible by surface deposition of further pyrene molecules and addition
reactions involving acetylene. Surface oxidation by oxygen (O2) and hydroxide ions (OH)
is included. For all the flames looked at it was found that addition of acetylene to the
surface of soot particles was the main route by which mass moved from the gaseous to the
solid phase.

2.2 Numerical method

All simulations reported in this paper used the Linear Process Deferment Algorithm [25],
an acceleration of the established Direct Simulation Algorithm (DSA) [2, 7]. Details of
the soot model in the context of DSA computation under the assumption of spherical
particles are given in [2, 26].

2.3 Particle shape variable

Soot modelling has generally concentrated on particle mass or volume and used a constant
density assumption. Therefore mass or volume has been used as the independent variable
for describing each soot particle. The equivalence of mass and volume follows from
the assumption that all soot material has the same density and the work reported here
uses the value supplied with the soot mechanism [1] as implemented by its authors [28]:
1.8 g cm−3.

In this paper mass and surface area are used as the independent variables in the particle
descriptions or types, which are thus pairs of positive real numbers. Surface area is used
rather than the number of primary particles as in [23] because it gives a description im-
mediately equivalent to that of the shape descriptor in the Mitchell and Frenklach work
[17, 18, 19].
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2.4 Notation

For convenience the following dimensionless functions of a particle type are defined, the
quantities are divided by their value for newly incepted particles (type x0) so they all take
the value 1 at x0. (x0 describes a spherical particle of 32 C atoms—the assumed form of
all newly incepted particles.)

• c(x) the collision diameter of the particle

• m(x) the mass of the particle

• s(x) the surface area of the particle

• v(x) the volume of the particle (= m(x) due to the constant density assumption)

A shape descriptor d is defined in [18, 3] by

d (x) =
log (s(x))

log (v(x))
(1)

and hence setting d (x0) = 2
3

(the value would otherwise be undefined at x0) yields 2
3
≤

d ≤ 1. Note that for a sphere, given x0, any two of d, v and s define the value of the third,
and that d depends on x0 via the normalisation of v and s.

3 Models for lengths

3.1 Collision diameter

The collision cross-section or diameter of particles describe how much space they sweep
out as they move around. As mentioned in the introduction, the coagulation rate is much
more sensitive to collision diameter models in the free molecular regime than in the con-
tinuum regime. This is not especially surprising given the form of the coagulation kernel
between two particles [13] in the continuum regime:

Kcn(x, y) ∝ (c(x) + c(y))

(
1

c(x)
+

1

c(y)

)
= 2 +

c(x)

c(y)
+

c(y)

c(x)
. (2)

This only depends on the ratio of collision diameters of the two particles not their absolute
value and so some kind of cancellation may be expected if both are increased. However,
the free molecular kernel [13]:

Kfm(x, y) ∝
(

1

m(x)
+

1

m(y)

) 1
2

(c(x) + c(y))2 (3)

scales with the square of the absolute value of the collision diameters.

In the spherical particle model the collision diameter of the particles are simply taken to
be the ordinary diameters of the spheres, and so with the scaling of §2.4 c(x) = v(x)

1
3 . In

this section ways to proceed for non-spherical particles are set out.
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3.1.1 Mitchell & Frenklach collision diameter

In detailed work by Mitchell and Frenklach, in which aggregates were represented as col-
lections of intersecting spheres [18, 17], the collision cross-section was expressed in terms
of the radius of gyration. The radius of gyration was calculated using a time consum-
ing Monte Carlo integration which is distinct from the Monte Carlo simulation method.
Mitchell’s thesis [18] also proposed the following model as a practical approximation for
use in further work:

cagg (x) = kv(x)
1
3 + 2 (1− k)


(
av(x)

1
3

)b

+ v(x)b(
a2

1
3

)b

+ 2b


1
b

a = 1.53311

b = −1.35419

k = 0.43074.

(4)

This was extended to general particles by interpolation using the shape descriptor d to
give

c(x) = 3

[(
d (x)− 2

3

)
cagg (x) + (1− d (x)) v(x)

1
3

]
. (5)

3.1.2 Balthasar & Frenklach collision diameter

Balthasar and Frenklach [3] went even further in simplifying the work mentioned in
§3.1.1. They introduced a correlation derived from the more detailed work which ex-
pressed collision cross-section as a function of aggregate volume and shape descriptor
(equivalently surface area):

c(x) = (2.7375× d (x)− 0.825)× v(x)
1
3 . (6)

By making some further approximations, in particular that at any time the shape descrip-
tor was the same for all particles, they were able to use the method of moments with
interpolative closure (MoMIC)[8] and so achieve very short computational times.

3.1.3 Arithmetic mean collision diameter

To test the sensitivity of results to the exact collision cross-section model the arithmetic
mean of the volume and surface equivalent diameters was used:

c(x) =
1

2

(
v(x)

1
3 + s(x)

1
2

)
. (7)

This barely deserves to be called a model but it seems to be about the simplest expression
that uses the information contained in the surface area and the volume.
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3.1.4 Weighted geometric average collision diameters

A second alternative considered was the geometric mean of the equivalent volume and
surface diameters

c(x) = v(x)
1
6 s(x)

1
4 . (8)

This is a member of the family of weighted geometric averages

c(x) = v(x)a s(x)b (9)

which satisfy
3a + 2b = 1. (10)

These turn out to have an interesting connection to assumed fractal dimensions: Consider
an idealised aggregate soot particle of volume V , surface area S consisting of np spherical
primary particles of diameter dp in point contact with each other (the model used in [22]).
Solving for np and dp gives

dp =
6V

S
(11)

np =
S3

36πV 2
(12)

The standard fractal relationship, in this case for collision diameter C and aggregate vol-
ume is

np = k

(
C

dp

)D

(13)

where k is the fractal prefactor and D the fractal dimension. Assuming k = 1, which is
necessary to make the formula consistent for a sphere (note that most published data is for
twice the radius of gyration rather than the collision diameter as used here, so different
values of k are reported) one finds [33, equation 4]

C = 6× (36π)−
1
D V 1− 2

D S
3
D
−1. (14)

For a general particle x this becomes, in the dimensionless quantities of §2.4,

c(x) = v(x)1− 2
D s(x)

3
D
−1 (15)

which is in the form of (9) and satisfies (10).

One sees that using the equally weighted geometric mean collision diameter (8) is essen-
tially the same as assuming a fractal dimension of 2.4 and that a fractal dimension of 1.8
implies a = −1

9
and b = 2

3
. The negative value of a is a somewhat counter-intuitive but

cannot easily be dismissed because of the extensive reports of soot particles with a fractal
dimension of 1.8, some of which were referred to in the introduction above.
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3.2 Radius of curvature

Electron micrographs show soot particles are quite smooth over lengths considerably
greater than the size of newly incepted soot particles. Therefore aggregates composed of
small soot particles must be smoothed after they coagulate. For a discussion of this issue
see [4] and the references cited therein. The authors of [4] conclude that this smoothing
is largely the result of chemical deposition on the surface of soot aggregates.

In the context of the two variable model for soot particles used in this paper such surface
reactions (and any that remove mass) must be defined by the changes they cause in par-
ticle mass and surface area. The particle mass change is obvious—it is the mass of the
deposited molecule—and the volume change is simply this value divided by the density.
For a sphere (initial radius R, surface area S viewed as functions of volume V ) the change
in surface area is also trivial; the differential form is

d

dV
S =

2

R
. (16)

The relationship between the volume and surface increments in controlled by the tightness
of the surface curvature, so for any shape other than a sphere it depends on position. For
a general shape the value of R which makes (16) true at a point is known as the radius of
curvature at that point (strictly there are two radii of curvature at each point on a three-
dimensional surface and an average is needed, but that extra complexity is redundant
here). As one might expect the radius of curvature at a point is the radius of a circle which
best fits a small line segment on the surface at that point.

The correct expression for the radius of curvature of non-spherical particles in the bivariate
model considered here is not at all obvious. Physical considerations, principally TEM
data, for example, [32, 15, 21], suggest that any radius of curvature should at least cause
particles to become rounder. To make the idea of rounding more precise the following
criteria were used:

1. spherical particles must remain spherical in the limit of small volume increments;

2. all particles must be geometrically possible, in particular the surface to volume ratio
must be achievable;

3. non-spherical particles must become rounder during surface growth;

4. non-spherical particles must become rounder during surface oxidation.

Note that 3 & 4 are not the only possibilities, in particular, provided particles never be-
come less round as a result of surface reactions, it is not necessary that every instance of
every surface reaction cause a strictly positive increase in roundness.

One consequence of these conditions is that at least two radii of curvature (these are not
the principal radii of curvature from differential geometry) are required for non-spherical
particles, one to use when ∆V > 0 and the other when ∆V < 0. The following lengths
were used in this work:

Rgr =

(
Sold

4π

) 1
2

(17)
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for growth processes and

Rox =
3Vold

Sold

(18)

for oxidation processes.

In the scaled, dimensionless style of §2.4 we have, using (16)

rgr (x) = s(x)
1
2 (19)

and

rox (x) =
v(x)

s(x)
. (20)

So for ∆v > 0

∆s =
2

3
∆v s(xinit)

− 1
2 (21)

and for ∆v < 0

∆s =
2

3
∆v

s(xinit)

v(xinit)
(22)

where xinit is the initial state of the particle.

Other definitions are possible and numerical tests of the simpler, possibly less realistic,
case rgr (x) = rox (x) = c(x) are reported below. The factor of 1

2
that might be expected

in this last equation is absorbed in the scaling defined in §2.4.

4 Model Comparison

4.1 Bulk Properties

To investigate the significance of the modelling assumptions, bulk properties of the par-
ticle populations predicted using the different models were compared for the 10 bar lam-
inar premixed ethylene flame JW10.673 [11], which was also the focus of [3]. Results
are shown in figures 1–4 and a summary of the different models along with the names
used in the legends of the figures is given in table 1. Further information on the flame and
simulation results can be found at [9].

The simulation method followed [2]: The flame chemistry was first calculated using a
MoMIC [8] approximation to account for the effects of soot. The chemical species profiles
produced in this way were then provided as input to the stochastic soot code.

Monte Carlo methods introduce some random noise into the results and in figures 1–4 the
values shown are averaged over 20 realisations of the Markov processes. The estimated
95% confidence intervals for the volume fraction, second mass moment and surface area
density are less than ±2% of the plotted average values.

The results shown in figures 1–4 indicate that the differences between the different models
for particle shape are generally smaller than the difference between the spherical particle
model and the closest non-spherical model. The differences between the values calculated
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using the collision diameters of Balthasar (& Frenklach)(6), Mitchell (& Frenklach) (5),
the arithmetic mean (7) and the geometric mean (8) are particularly small. If these were
the only models available one would conclude that the exact choice of collision diameter
model was not significant provided one did not assume particles were spherical. In [25]
it was noted that C2H2 addition was the dominant process in soot growth in two flames
similar to the one studied here. According to the soot chemistry model [1, 35]the rate of
C2H2 addition is proportional to particle surface area which is why all the non-spherical
models predict larger soot volume fractions than the spherical particle model.

However, the results with collision diameter calculated assuming all the primary particles
in an aggregate are the same size and that all aggregates have a fractal dimension of 1.8
(see §3.1.4) show a significant deviation from all the other collision diameter models. Sig-
nificant differences are also seen for the alternative radii of curvature models and these
will be discussed below. The assumed fractal dimension model does not have a noticeable
effect on number density compared to the other models (results for number density are
not plotted but, after the initial spike, they differ from the results for the geometric mean
collision diameter model by less than 5%), however, it leads to a significant reduction in
surface area and in the soot volume fraction. The reduction in soot volume fraction pre-
dicted by the Df = 1.8 model compared to the other non-spherical models appears to be
due to enhanced OH oxidation rates. The soot chemistry model treats OH oxidation as a
collision controlled process with rate proportional to the square of the collision diameter
of particles. Particle collision diameters are generally much larger under the Df = 1.8
model than under the other models so the OH oxidation rate is also higher. This expla-
nation was verified by performing simulations with the Df = 1.8 model but with the
OH oxidation rate calculated with the equivalent volume sphere diameter in place of the
particle collision diameter. The soot volume fraction calculated by the modified simula-
tion was within 1% of that calculated using the geometric mean collision diameter. This
illustrates how important good models of particle shape are in order to correctly predict
reactions between particles and the surrounding gas phase.

As mentioned is §3.2 it is necessary to investigate the importance of the models for particle
curvature. This was done using the models named ‘curvature 1’ and ‘curvature 2’ as
specified in table 1. From the results shown in figures 1–4 one sees that as the radii
of curvature used are brought closer to the collision diameter (thus making particles less
smooth) the consequent increase in particle surface area leads to additional surface growth
and thus a higher soot volume fraction. The difference in simulated soot volume fraction
between ‘curvature 2’ and the geometric mean collision diameter model from which it is
derived is much smaller than the difference between both of these models and the spherical
particle model. This means that while uncertainty about surface curvature is a concern it
does not prevent further work.

4.2 Particle Size Distributions

The particle distributions simulated with the geometric mean collision diameter model
(see table 1) at 0.4 cm and 4.2 cm above the burner face are shown in figure 5. The
distributions are shown in two ways—as a scatter plot in surface-volume space and as
a density on the volume axis. The smooth densities were calculated from the discrete
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data using a Gaussian blurring technique; specifically, with the ‘density’ function of the
computer statistics package R [27]. More details can be found in the online documentation
and in [34, §5.6]. The distributions for the other models are qualitatively the same but with
quantitative differences at large particle sizes.

The most important feature of figure 5 is that, in both cases, the distribution is concen-
trated on a line. At 0.4 cm above the burner the line is noticeably curved for volumes
less than 10−17 cm3 but otherwise the lines are straight. Since the distributions appear
concentrated on these straight lines, it is natural to perform a linear regression to find the
slope. From these slopes (the intercept terms were negligible) one can infer a primary
particle diameter by assuming all soot particles are composed of primary particles of the
same size and in point contact. Diameters calculated in this way are given in table 2.

For each height above the burner the primary particle diameters given in table 2 are quite
similar (within 5% of the value for the Balthasar model), even for the curvature 2 model
which leads to a noticeably different soot volume fraction (see figure 1). The closeness
of the values would making testing the models by comparing primary particle diameters
to those observed by electron microscopy very difficult. This supports the view that any
reasonable approximation for the aggregate structure of soot particles is sufficient given
the current relative imprecision of the chemical mechanisms involved in soot formation
and growth.

4.3 Individual particle behaviour

To get an understanding of why different models might lead to similar results particles
a small volume of gas moving through the laminar premixed ethylene flame JW10.673
([11]) used previously were observed. In the upper half of figure 6 the time evolution
of the shape descriptor (1) is plotted for two of these particles. The bottom left panel,
figure 6(c), tracks the size of the same two particles in the simulation, which used the
Balthasar and Frenklach collision diameter model (6). The top right panel, figure 6(b),
gives a more detailed view of the very active early life of the particles until just after the
point at which they coagulate with each other (this point is circled on the plot). On this
more detailed plot one sees abrupt upward jumps in the ratio when the particle undergoes
coagulation followed by periods of smooth decrease as surface growth makes the particle
more round according to §3.2. The bottom right panel, figure 6(d), is included to show
that two particles chosen from a simulation using the ‘curvature 2’ model (see § 3.2) do
not behave very differently to the two from the Balthasar model simulation.

All four plots show an early period of rapid activity in which the shape descriptor under-
goes damped oscillations and size grows steadily. The final shape and size of the particles
however, are largely determined by a few coagulation events after the initial activity has
subsided. Figure 6(c) gives a very clear view of how chemical reactions with the surface
of the soot particles all occur relatively close to the burner face as shown by the smooth
growth in particle size. Figure 6(b) illustrates the way that these surface reactions largely
negate the shape changing effects of the coagulation that occurs up to 0.5 cm. Because
of this cancelling out, a detailed model of the rapid processes may not be necessary for
many purposes. For flames similar to JW10.673 it my be sufficient to predict the outcome
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Table 1: Simulated length models for JW10.673

name c(x) = rgr (x) = rox (x) =

spherical v(x)
1
3 v(x)

1
3 v(x)

1
3

Balthasar (2.7375× d (x)− 0.825)× v(x)
1
3 s(x)

1
2

v(x)
s(x)

Mitchell see [18] s(x)
1
2

v(x)
s(x)

arithmetic 1
2

(
v(x)

1
3 + s(x)

1
2

)
s(x)

1
2

v(x)
s(x)

geometric v(x)
1
6 s(x)

1
4 s(x)

1
2

v(x)
s(x)

curvature 1 v(x)
1
6 s(x)

1
4 c(x) v(x)

s(x)

curvature 2 v(x)
1
6 s(x)

1
4 c(x) c(x)

Df = 1.8 v(x)−
1
9 s(x)

2
3 s(x)

1
2

v(x)
s(x)

Table 2: Primary particle diameter calculated by linear regression

Diameter / nm
height above burner 0.4 cm 1.4 cm 4.2 cm

Balthasar 24.2 38.4 39.4
geometric mean 24.3 38.4 39.5

Df = 1.8 23.9 37.4 38.5
Df = 1.8 sphere diameter for OH rate 25.4 39.7 40.8

curvature 1 23.7 37.5 38.6
curvature 2 22.9 36.4 37.5
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Figure 5: Particle distributions
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Figure 6: Particles from flame JW10.673
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of the highly active early phase of the flame, even if the details within that zone are not
resolved correctly.

That the fine structure of particles remains constant after the initial period of activity can
also be seen from table 2, which gives the primary particle diameter calculated from the
slope of the lines of least squares linear fit to the surface-volume distributions at three
different heights above the burner. One can see that the slope, which is proportional to the
diameter of table 2, changes noticeably over the first 1.5 cm of the flame but then hardly
changes at all for the remainder of the flame. This is in accordance with figures 6(a) & 6(c)
which show that surface processes which round out particles are only significant early in
the flame and further from the burner all that happens is coagulation in which both the
surface and the volume of the resulting particle is simply the sum of these two quantities
for the incoming particles.

Figure 7 shows the shape descriptor of the first incepted particle and the mean for the first
nineteen in a single simulation of JW10.673 using the Balthasar & Frenklach collision
kernel (6) along with the population average calculated over twenty simulations. Unsur-
prisingly the first particles to form undergo more coagulation and hence develop a less
spherical structure than particles which form later.
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Figure 7: Mean shape descriptors for JW10.673

The difference between the shape descriptor averaged over the first nineteen particles and
that averaged over the complete particle ensemble (between one and two thousand com-
putational particles) explains some of the features of [3, figure 3]. In that paper Balthasar
and Frenklach observe that for the flame JW10.673 the average shape descriptor of their
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“collector particle” (one of the first particles to be incepted, see [18] for details) is much
higher than the ensemble average calculated with their MoMIC approximation which is
about 0.7 after 0.1 s and reaches about 0.72 after 0.2 s. These results tend to confirm
the accuracy of their MoMIC approximation even though it assumes all particles have the
same shape descriptor (which changes with time) and show that their Monte Carlo results
are only applicable for the first few particles to be incepted. It should, however, be noted
that the flame JW10.673 for which this comparison has been performed has a unimodal
particle size distribution and that the MoMIC tends to perform well in such cases, but
struggles with bimodal flames.

4.4 Additional Comparison

The preceding sections concentrate on comparisons between different variations of the
bi-variate model presented in this paper. However, there is some recent work [20, 5],
which uses a very intricate model for particle structure (which will be referred to as the
‘detailed aggregate’ model). The model in [20, 5] is a development of the work referred
to in §3.1.1 and it enables some additional comparisons to be made to the work reported
in this paper. In [20, 5] every aggregate soot particle is represented as a collection of
intersection spheres so volume, surface area and collision diameter can all be calculated
directly. Consequently for problems where coagulation leads to a rigid connection form-
ing at the first point of contact between two particles the detailed aggregate model does
not introduce any error. This is confirmed in [20] where the fractal dimension for ag-
gregates undergoing ballistic collisions is checked and a value of 1.93 is found which is
within the previously known range.

To test the ability of the bivariate code to model aggregate coagulation the flame A3 [41]
considered in [20] was used but all processes except particle inception and coagulation
were ignored. This gave a test of coagulation and results are shown in figure 8. Soot
volume fraction (equivalent to the first moment of the mass distribution) is not considered
because it is unaffected by coagulation. These results show that the assume fractal dimen-
sion of 1.8 is much more accurate than the other bivariate models, such as the geometric
mean model which implicitly assumes a fractal dimension of 2.4 for the particles (see
§3.1.4). Since the fractal dimension of the particles is known to be around 1.9 in this case
such a result is not surprising.

Finally both codes were used to perform a full simulation of the flame A3; details of the
physical model for inception, coagulation and surface reactions can be found in [29, 26,
1, 35]. Full flame simulations are important because flames are dominated by surface
growth not coagulation [25]. Some results are given in figure 9 and show smaller differ-
ences between the models. The closer agreement may be explained by an increase in the
fractal dimension of the soot particles, the detailed aggregate model simulations suggest
a population average fractal dimension that slowly decreases from 3 to 2.75 as particles
move through the flame.
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5 Conclusion

Principles for designing a simple, two variable model of aggregate soot formation have
been introduced and tested for two laminar premixed flames. The predictions of this
model, which reflects the non-spherical nature of soot particles, have been found to be
quantitatively different from those of a single variable model which assumes particle
sphericity. Using a Direct Simulation Algorithm the bivariate size and shape distribution
functions have been calculated and individual particle histories analysed. These numeri-
cal investigations indicate that several collision diameter models derived in different ways
lead to very similar bivariate distributions and, in particular, the model presented in [3] is
consistent with some simple models suggested here. A simple, assumed fractal dimension
model based on the work of Park and Rogak [22] leads to moderately different results be-
cause it leads to much higher rates of soot oxidation by OH radicals. Alternative models
for surface curvature which specifies the geometric effect of surface reactions also lead
to moderate changes in the bulk properties of the soot but not to qualitative differences in
the soot formation process. Extremely detailed models for particle structure also seem to
have very modest effects on results for simulations of real flames. However, the detailed
aggregate simulations also suggest that the accuracy of bivariate models has a dependence
on the fractal dimension of the soot particles.

Therefore, the simple particle shape models considered here offer a useful starting point
for more detailed modelling of soot surface chemistry. The importance of including par-
ticle shape is clearly illustrated by the difference between the spherical particle model
and all the extensions which conserve surface area during coagulation. More work on
surface curvature, to understand how particles change shape as they undergo surface re-
actions and whether either the detailed aggregate model or a bivariate model can capture
this, is needed. It seems likely that such work would be based on transmission electron
micrographs of soot particles sampled from several positions in each of a range of flames.
Nevertheless, all of the models which try to account for particle shape show similar de-
viations from the spherical particle model and so future work can, initially, make use of
which ever models seem most convenient.

All the new models introduced in this paper are expressed as linear combinations of pow-
ers of the two components of the particle type/description. This makes it very simple to
formulation moment equations for the soot population, something that will be demon-
strated in a forthcoming paper.
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