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Abstract

In this paper we make use of a detailed particle model and stochastic
numerical methods to simulate the particle size distributions of soot particles
formed in laminar premixed flames. The model is able to capture evolution of
mass and surface area along with the full structural detail of the particles. The
model is validated against previous models for consistency and then used to
simulate flames with bimodal and unimodal soot particle distributions. The
change in morphology between the particles from these two types of flames
provides further evidence of the interlay among nucleation, coagulation, and
surface rates. The results confirm the previously proposed role of the strength
of the particle nucleation source in defining the instant of transition from
coalescent to fractal growth of soot particles.
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1 Introduction

It has long been known that the size and shape of nanoparticles directly affect their
physical properties. The mechanism for their growth has been investigated under
many conditions and for a variety of chemical systems [18, 26, 27, 8, 13, 6, 3]. In
most cases there is an initial phase of coalescent growth [11], where coagulation with
small particles caused by high particle inception and rapid surface growth cause the
particles to grow into near spherical “primary” particles. The coalescent regime
is followed by particle aggregation, when the particles take on the form of fractal
aggregates [15, 14, 20].

Many numerical techniques have been developed for the simulation of populations
of nanoparticles [16] and, in particular, soot particles. Here we focus on stochastic
particle methods. In recent applications of this general approach, particle dynamics
were formulated in terms of one or two state variables like total particle volume and
surface area [3, 10, 25, 24]. In another development, a collector-particle technique
was applied to investigate the transition between coalescent and aggregate growth
[22, 23], with the results incorporated [2] into the method of moments [6].

In the present study we combine two techniques, the efficient stochastic particle
collision algorithm [3, 10] and the sterically-resolved collector-particle simulations
[22, 23]. In the following, we describe the numerical model, test the accuracy and
authenticity of model predictions, and then perform a series of numerical simulations
of time evolution of soot particles and their size distribution.

2 Model

The population balance is governed by three main elements: particle nucleation,
coagulation, and surface growth. In the present model, each incepted particle is
defined as a sphere with center of mass in cartesian coordinates (x = 0, y = 0, z = 0),
a radius r0, volume v0 and surface area a0. When an event affects this particle, one
or more of its internal coordinates will change. A surface event for example will
change v, a and r, whilst a coagulation event will displace the (x, y, z) coordinates
of one of the coagulating pair.

The rate of particle nucleation in the model is determined by the rate of binary
collisions of gaseous pyrene molecules [31, 7]. A detailed gas phase chemistry model
that describes the formation of pyrene is taken from Refs. [30, 1].

The coagulation is governed by the Smoluchowski coagulation equation [29] with a
suitable kernel, as described in the next section, to calculate the rates of collisions
of the particles at the temperatures and pressures investigated.

The surface processes include chemical growth and oxidation as well as physisorption
of pyrene [9, 7]. The chemical growth is modelled as the addition of acetylene to
a radical site on the particle’s surface through the hydrogen abstraction carbon
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addition (HACA) mechanism [7]. The condensation of pyrene onto the surface of a
soot particle is modelled as a coagulation event between a pyrene molecule and the
particle of interest [9, 31, 19]. Oxidation of a particle is considered as the reaction
of O2 with surface radicals or the reaction of OH with the surface of the particle
[9, 7]. The surface growth kinetics are taken from [1].

3 Numerical treatment

The model defined above is solved using a stochastic particle algorithm [3, 10].
The efficiency of the algorithm has been vastly improved by use of a time-splitting
technique for the fast surface growth processes, and by introducing a majorant
kernel [10, 5] for the coagulation term. Another important feature of the new code
is the ability to handle essentially an infinite number of internal coordinates, thereby
tracking the positions and radii of every primary particle of the aggregate structure.
This, in turn, allows us to determine the particle volume, surface area, collision
diameter, and fractal dimension distributions throughout the flame.

There are two input files required for the simulation. The first, supplies species
concentrations and flame temperature as functions of reaction time, while the second
file specifies details of the simulation, such as the final time and the time for splitting
the processes.

The time between events, τ , is generated as an exponential distribution with parame-
ter equal to the sum of inception rate and the total coagulation rate. The calculation
of the total coagulation rate requires a summation over all possible collision pairs.
This summation normally takes of the order N2 operations, where N is the number
of stochastic particles, because of the mathematical form of the coagulation kernel,
K(x, y), where x and y are representative particle properties. However, if the coag-
ulation kernel can be represented as the product of two independent terms, we can
reduce this complexity to the order of N . Such a majorant kernel, K̂(x, y), must
satisfy the inequality

K̂(x, y) > K(x, y) ∀ x, y. (3.1)

This results, however, in an over-prediction of the coagulation rate. To correct for
this, we introduce “fictitious jumps”, when time advances, but no coagulation event
is performed. A fictitious jump is performed with probability K/K̂. For further
details on the form of the majorant kernel see Ref. [10].

A coagulation event, is performed by summing the volumes and surface areas of
the two aggregates picked. This is accomplished with the code of Mitchell [21],
which performs a ballistic collision in R3 and, based on the point of contact of the
newly formed pair, translates the coordinates of the primary particles of one of the
aggregates relative to the other particle.

Particle nucleation, adds a spherical particle of size 32 carbon atoms.

Surface growth, is performed over an interval dt which is typically a value of 1/100th
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to 1/1000th of the final simulation time. The rates of the surface processes are
calculated for each particle using the gas-surface rates [1] and the surface areas
of the particles. From these rates a mean number of events for each particle for
interval dt is calculated. This number is then used as a parameter for a poisson
random process to determine the actual number of events that should have occurred
(for more details on this see [24]). The corresponding number of carbon atoms is
added to the aggregate and by considering the density of soot and the surface area
of the aggregate, each primary particle is also increased in radius. The surface area
of the particle, its radius of gyration, and fractal dimension are then recalculated
with Monte-Carlo integration routines over the whole aggregate [21]. If through
oxidation the number of carbon atoms in an aggregate falls to below 32 then this
particle is considered “oxidized” and is removed from the system [6, 3].

4 Validation

The numerical implementation of the model was compared to a previously validated
one-dimensional (1-D) stochastic code in order to verify that the surface growth
routines had been implemented correctly. Both simulations were run using 218 sto-
chastic particles, with particle inception, coagulation, and surface growth included.
The new routines produced results in very close agreement to the previous code, the
error in the first moment arising from the numerical splitting routine being only 1%.

The code was also run in pure coagulation mode to verify that the fractal dimensions
calculated are in agreement with previous values in the literature. Figure 1 shows
the results of this simulation. The x-axis shows the ratio of collision diameter, Dc,
to the primary particle diameter, Dp, while the y-axis shows the number of primary
particles, np. In this paper, Dc is defined to be twice the radius of gyration of the
particle. The circles on the diagram represent individual particles in the simulation.
The primary particle diameter is calculated from [28]

Dp = 6v/a, (4.1)

while the number of primaries can be determined by dividing the volume by the
volume of a primary

np =
6v

πD3
p

=
a3

36πv2
, (4.2)

where v and a are the volume and surface area of the aggregate particle, respectively.
The calculated fractal dimension for this simulation was 1.93, in accordance with
the result from the simulations in Ref. [12], which reported a value of 1.91 ± 0.03
using a similar ballistic cluster-cluster aggregation model.
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Figure 1: A plot of Dc/Dp vs np for a pure coagulation simulation.
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5 Results

Two sooting laminar premixed flames were simulated. The flame properties were
taken from Zhao et al. [32] and are summarized in Table 1. These flames were
chosen for their short residence times and because they included both unimodal and
bimodal particle size distributions.

Table 1: Summary of flame conditions [32].

Flame Mol% gases cold gas Tmax
code C2H4/O2/Ar vel. (cm/s) (K)
A1 24.2/37.9/37.9 7.0 1790
A3 24.2/37.9/37.9 10.0 1920

A simulation was performed to compare the full three-dimensional (3-D) particle
aggregation model with the simpler, particle coalescence-only model. A comparison
of the number density and soot volume fraction of the particle distribution is shown
in Fig. 2. As expected, at the early stages of the flame, when the particles are in
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Figure 2: Comparison of number density and volume fraction between the aggre-
gation model and the coalescent-sphere model.

the coalescent growth regime, the two simulations agree closely. After 4 ms the
aggregation phase of growth begins and the number of particles falls more rapidly
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in the particle aggregation simulation than in the coalescence-only simulation. This
is entirely due to the fact that the collision diameters of the particles are greater in
the aggregation simulations and hence the rate of coagulation is greater. It can be
seen also that the total volume of particles in the system is increased when using
the aggregation simulations. This is due to the fractal aggregate particles having
greater surface area than the equivalent spherical particles, hence the surface growth
processes occur at a much greater rate. These features are similar to previous
modelling studies [13, 2].

Figure 3 shows the particle size distribution functions (PSDFs) of the volume equiv-
alent sphere diameter, Dv, for flames A1 and A3 at 28 and 18 ms respectively (solid
lines) plotted against the corresponding experimental data of Zhao et al. [32](circles).
We can see in Fig. 3(a) that flame A1 exhibits a bimodal PSDF whilst Fig. 3(b)
shows that flame A3 exhibits a unimodal distribution. This behavior is captured by
the model however it predicts a broader PSDF. This is due in part to the original
model being optimized for a spherical particle description, rather than one where
the full morphology of the particles is calculated. This leads to an overprediction of
the coagulation and surface growth rates.

Figure 4 shows how various mean particle properties evolve throughout the flames.
It is observed that the average collision diameter and the average primary particle
diameter are smaller in flame A1 than in flame A3, furthermore the calculated
number of primary particles is higher in flame A1 than A3. It can be seen in Fig. 5
that the aggregate from flame A1 (Fig. 5(a)) appears to have larger primary particles
than the aggregate from flame A3 (Fig. 5(b)). However, the primary particles from
the aggregate of flame A1 are considerably “bumpier” and hence have greater surface
area than those of flame A3. Since the primary particle diameter was calculated
using Eq. (4.1) it is clear that the calculated primary diameter will be smaller. This
indicates one of the disadvantages of using Eq. (4.1) to calculate a primary particle
diameter with particles of a morphology observed in Fig. 5(a).

Figures 7 and 8 show renderings of the largest particles obtained in the simulations
of flames A1 and A3. The TEM-style rendering is of the same particle shown in the
3D rendering, but from a different angle. Note that the primary particle size for
both particles is unchanged from the renderings seen in Fig. 5.

Figure 6 shows the temporal evolution of the average fractal dimension, Df , and the
average shape descriptor, Ds, defined by

Ds =
log(a/a0)

log(v/v0)
. (5.1)

It can be seen that the average shape descriptor starts at a value of 0.666̇, quickly
rises, and then slowly asymptotes to a value of about 0.735. This value is approx-
imately the same for both flames. The average fractal dimension for both flames
starts from a value of 3, which then falls off rapidly and eventually asymptotes to
a final value. In the case of flame A1, the final value is Df = 2.348, while for flame
A3 the final value is Df = 2.160 . This is consistent with the observations of Fig. 5,
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(a) PSDF of Dv for flame A1
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Figure 3: PSDFs of Dv from flames A1 and A3: Simulations (solid lines) and
experiments (circles).
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(a) Temporal evolutions of average Dc, Dp and np in flame A1
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(b) Temporal evolutions of average Dc, Dp and np in flame A3

Figure 4: Temporal evolution of particle properties for flames A1 and A3.
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(a) 3D rendering of a particle from flame
A1. Dc = 49.5 nm, Df = 2.160, Ds =
0.763.

(b) 3D rendering of a particle from flame
A3. Dc = 50.1 nm, Df = 2.025, Ds =
0.731.

Figure 5: Renderings of particles most likely to be found in flames A1 and A3.

which show that the aggregate from flame A1 is made up of a smaller number of
more densely packed and bumpy primary particles than the aggregate from flame
A3.

Figures 9 and 10 show the temporal evolution of the joint probability distribution
functions of the shape descriptor against the collision diameter for flames A1 and
A3. With both flames, the shape of this distribution is set up in the early stages of
particle formation and merely expands along the vertical axis of collision diameters.
With flame A1, it can be seen that at the end of the flame (Fig. 9(b)) there exists
a secondary peak in the bottom left corner where the smallest spherical particles
exist, which is not present at the end of flame A3 (Fig. 10(b)).

The particle seen in Fig. 5(a) has a collision diameter of 49.5 nm, a fractal dimension
of 2.160 and a shape descriptor of 0.763. This places it in the middle of the contour of
maximum value on Fig. 9(b). The particle seen in Fig. 5(b) has a collision diameter
of 50.1 nm, a fractal dimension of 2.025 and a shape descriptor of 0.731, placing
near the contour of maximum value on Fig. 10(b). The larger particles (Figs. 7 and
8) by contrast lie to the top right of Figs. 9 and 10 respectively.

6 Conclusions

It is usually assumed that inception and evolution of particles in a reactive system,
such as soot formation in fossil-fuel flames, can be separated into essentially non-
intersecting regimes of particle nucleation, particle coagulation and surface growth,
and particle aggregation. Recent studies, using numerical simulations of single-
particle trajectories [22, 23] and of “lumped” properties with the method of mo-
ments [2], suggested a critical importance of interplay among all these individual
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(a) Temporal evolutions of average Ds in flames A1 and A3
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(b) Temporal evolutions of average Df in flames A1 and A3

Figure 6: Temporal evolution of mean fractal dimension and shape descriptor
flames A1 and A3. 12



(a) 3D rendering of the largest particle
from flame A1.

(b) TEM-style rendering of the largest par-
ticle from flame A1.

Figure 7: Renderings of largest particle from flame A1. Dc = 169 nm, Df = 1.826,
Ds = 0.799.

(a) 3D rendering of the largest particle
from flame A3.

(b) TEM-style rendering of the largest par-
ticle from flame A3.

Figure 8: Renderings of largest particle from flame A3. Dc = 183 nm, Df = 1.838,
Ds = 0.784.
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Figure 9: Joint distributions of shape descriptor and collision diameter for flame
A1. The numbers on the contours represent the log of the distribution
function.
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Figure 10: Joint distributions of shape descriptor and collision diameter for flame
A3. The numbers on the contours represent the log of the distribution
function.
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processes—nucleation, coagulation, and surface growth. Moreover, these results sug-
gested that the transition of spherical, coalescent growth into fractal-like objects is
linked directly to the nucleation, as it supplies the abundance of very small primary
particles.

The present modelling results, now performed with a numerical model that incorpo-
rates all physical processes at a detailed level along with the resolution of individual
particles and their distributions, fully supports the earlier suggested mechanistic
features. The specific simulations were performed for two flames: with character-
istically different bimodal and unimodal soot particle distributions. The present
model is able to capture the evolution of soot particle properties observed exper-
imentally in these flames [32]. These results confirm thus that the origin of the
differences in the PSDFs is the strength of the nucleation, suggested theoretically
two decades ago [8, 4, 17].
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