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Abstract

In this paper we present a stochastic algorithm designed for all relevant
pressures to model the formation, growth and oxidation of soot particles. The
stochastic method is used to solve the population balance equation that de-
scribes the various processes of soot formation, e.g., nucleation, coagulation,
and surface reactions. We introduce a new generalized majorant kernel to ex-
ploit the method of fictitious jumps reducing the computational expense for
the direct simulation algorithm. The implementation of the stochastic algo-
rithm is validated against LSODE (Livermore Solver for Ordinary Differential
Equation). We investigate laminar premixed flames to obtain the tempo-
ral evolution of the soot particle size distribution. The moments of these
distributions are compared to the experimental measurements and existing
numerical methods. A good agreement is observed. The effect of change in
the C/O molar ratio on soot particle size distributions is discussed in the light
of surface reactions contributing to the soot growth and oxidation. Also, it is
demonstrated that the soot particle size distributions conform to the recent
experimental observations, which link the nature of the distribution, i.e. bi-
modal, uni-modal, to the peak temperature of the flame. A further study was
done to show the importance of considering the different pressure regimes. A
detailed description of the algorithm is given to facilitate its implementation
by the reader.
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1 Introduction

Soot formation, growth and oxidation has been extensively researched for many
years [5, 24]. The latest soot models include elaborate gas phase reaction kinet-
ics [2, 32] and well defined processes leading to the formation and oxidation of
soot [14] along with fast numerical techniques [12] to solve the models. More re-
cently, the community has advanced to the modelling of soot aggregates and also
soot formation at high pressures [21]. Alongside the modelers, experimental groups
have used scanning mobility particle sizer (SMPS) [35] and noninvasive techniques
such as the small-angle neutron scattering [33] and small-angle X-ray scattering [19]
to improve the spatial and size resolution of the measurements to 2–3 nm.

Although progress has been made in the understanding of the essential chemistry and
physics of soot formation, many questions persist and debate continues regarding
the details of soot phenomenology. Physical questions such as the smallest size of
soot particles, the soot inception model, the number of active sites on the surface
of the soot particle for reaction with the surrounding gaseous species [11, 29] as well
as the computational questions such as the approximations used by the existing
numerical techniques are the issues that have motivated this paper.

In order to isolate these different issues, one is interested in investigating the spa-
tial and temporal evolution of the soot particle size distribution in simple systems,
e.g. laminar premixed flames [15]. Various numerical techniques have been developed
to predict the properties of the soot population. Of these numerical techniques, the
Method of Moments (MoM) [13] and sectional techniques (Discrete sectional Method
and Galerkin Method) [3, 16, 30] have dominated the literature. The Method of Mo-
ments, which is a fast technique, solves for the first few moments of the soot particle
size distribution. In contrast, sectional techniques provide some resolution of the
size distribution at the cost of additional computational expense. In recent years the
stochastic approach [17, 28], which is pertinent to this paper, has shown promising
results in overcoming the approximations used by the previously mentioned tech-
niques. The main feature of this approach is that it converges to the exact solution
of the population balance equation [8]. This technique has been improved to reduce
computational time through the concept of the ‘majorant kernel’ [6, 7]. Furthermore,
the modelling of higher dimensional distributions is relatively straightforward and
the size and the age of soot particles are known explicitly. Previously, this approach
has been used for the first time to simulate soot formation and oxidation in sub-
atmospheric laminar premixed flames [4]. Here, all the processes of soot formation
and oxidation are treated probabilistically and performed exactly.

The purpose of this paper is to extend the stochastic method, previously applied
to sub atmospheric pressure flames, to higher pressure laminar premixed flames. A
detailed algorithm is put forward, along with a new majorant kernel to reduce the
computational time, which serves as a reference for the reader to implement. Using
this algorithm, the temporal evolution of the soot particle size distributions for at-
mospheric and higher pressure laminar premixed flames are obtained and compared
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qualitatively with recent experimental observations in [35, 36].

The paper is organized in the following manner. In section 2 the soot model and the
kernels describing the interaction of soot particles in the different pressure regimes
are elaborated upon. In section 3 an algorithm solving the dynamics of the size
distribution of the soot particles using the concept of the ‘majorant kernel’ is ex-
plained. In section 4 the implementation of the stochastic approach is validated
against a differential equation solver and the results of simulated flames covering
relevant pressure regimes are presented. These are compared with the solutions ob-
tained from the MoM and experimental measurements along with analysis of the
regimes the soot particles are in. The paper closes with a conclusion section which
includes pointers for future work.

2 Model

The formation and oxidation of soot is a result of many different chemical and
physical processes. These include reactions between the surface of the soot particle
and the surrounding gaseous species; coagulation, aggregation and inception. In
this paper we use a simplified model [2]. The model has three types of processes:

1. The smallest soot particle is incepted upon the collision of two gaseous pyrene
molecules and no other type of inception occurs;

2. Coagulation is modelled as the coalescence of two soot particles;

3. There are four surface reactions with the surrounding gaseous species:

(a) condensation of Pyrene, which adds 16 carbon atoms to the soot particle

(b) surface growth by Acetylene through the Hydrogen Abstraction Carbon
Addition (HACA) mechanism, which adds 2 carbon atoms to the soot
particle

(c) oxidation by O2, which removes two carbon atoms from the soot particle,
and

(d) oxidation by OH, which removes a single carbon atom from the soot
particle.
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The differential equation describing the temporal evolution of the soot population
according to the model is the following:

∂

∂t
c(t, i) = Icin (i)︸ ︷︷ ︸

Inception

+
4∑

�=1

[
β�

i−δ� δ(i) c(t, i − δ�) − β�
i c(t, i)

]
︸ ︷︷ ︸

Surface reactions

+
1

2

i−1∑
j=1

βi−j,j c(t, i − j) c(t, j) −
∞∑

j=1

βi,j c(t, i) c(t, j)︸ ︷︷ ︸
Coagulation

, (1)

and

δ� =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
16 for � = 1 : Condensation,

2 for � = 2 : Acetylene addition,

−2 for � = 3 : O2 oxidation,

−1 for � = 4 : OH oxidation,

(2)

cin(i) =

{
1 for i = 32,

0 otherwise,
(3)

δ(i) =

{
0 if an oxidation process results in i < 32,

1 for rest of the cases,
(4)

with the initial condition

c(0, i) = c0(i) = 0 for all i,

where c(t, i) is the concentration of soot particles composed of i carbon atoms at
a time t. β�

i is the rate of the �th surface reaction for a particle of size i. βi,j is
the coagulation kernel and takes a different form in each pressure regime, which is
elaborated in the section 2.1.

2.1 Coagulation kernel in different pressure regimes

The kernels are determined by the physics involved in the interaction of pairs of
particles. In general, the main drivers of particle transport are Brownian motion,
gravitational settling and turbulence, the latter two being not important in the
context of laminar premixed flames. A classification on the basis of the Knudsen
number (Kn = 2λ/d, where λ is the gas mean free path and d the soot particle
diameter) is done in order to define kernels for different pressure regimes. Figure 1
illustrates the categorization of regimes based on the Knudsen number. It indicates
the operating regime for a soot particle given the pressure of the flame, the tempera-
ture of the surrounding gas, and the size of the soot particle. For example, a particle
of diameter 30 nm at a temperature of 1400 K in a 1 bar flame will be in the free
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Figure 1: Categorization of pressure regimes based on the Knudsen number.

molecular regime, whereas a particle of diameter 90 nm at a temperature of 2100 K
in a 10 bar flame will be in the transition regime. The values of the temperature
and soot particle diameters for the figure have been chosen to represent conditions
in different parts of flames.

2.1.1 Continuum regime (Kn ≤ 0.1)

This regime is applicable when the size of the particle is large relative to the mean
free path of the gas molecules and hence the fluid acts as a continuum, with the
movement of the molecules given by diffusion theory. The derivation of the coagu-
lation kernel assumes a Stokes’ law drag coefficient and takes the form:

βc
i,j = K0 (i−1/3 + j−1/3)(i1/3 + j1/3), (5)

where

K0 =
2kBT

3µ
,

kB is the Boltzmann constant, T is the temperature, and µ is the viscosity of the
fluid.

2.1.2 Slip flow regime (0.1 < Kn ≤ 1)

The diffusion theory model is extended to Kn = 1 by modifying Stokes’ law with a
factor C, which is a function of Kn. As in [21], we take the factor C to be:

Ci = 1 + 1.257 × Kni,

where,
Kni = 2λ/di,
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and di is the diameter of a soot particle containing i carbon atoms.

Thus, we obtain

β sf
i,j = K0

(
Ci

i1/3
+

Cj

j1/3

)
(i1/3 + j1/3).

After the substitutions, we get

β sf
i,j = K0 (i1/3 + j1/3)

[ (
i−1/3 + j−1/3

)
+
(
i−2/3 + j−2/3

)
U

]
, (6)

where
U(T, P ) = 1.257 × Kn1 (T, P ).

It should be noted that in the limit of low Knudsen numbers the correction factor
C → 1, thus approaching the continuum regime kernel.

2.1.3 Free molecular regime (Kn > 10)

This regime applies when the particles are small relative to the mean free path. This
occurs when the pressure of the flame is atmospheric or lower. The collision rate is
calculated through statistical mechanics by averaging over the velocity distribution
in the fluid. The rate is augmented by including van der Waals forces and a cor-
rection for sticking probability of the soot particles [20]. This leads to the following
form of the kernel.

βfm
i,j = A

(
i−1 + j−1

)1/2 (
i1/3 + j1/3

)2
, (7)

where

A = 2.2

(
3m1

4πρs

)1/6(
6kBT

ρs

)1/2

,

m1 is the mass of a single carbon atom, and ρs is the density of the soot particle.
These values are given in the appendix 4.

2.1.4 Transition regime (1 < Kn ≤ 10)

The Boltzmann equation and diffusion theory model, applicable in the free molecular
and continuum regimes respectively, cannot be extended into the transition regime,
which lies in between. Therefore, Pratsinis [26] developed an approximate kernel
valid for the transition regime, which was motivated by the Fuchs kernel [21].

β t
i,j = βsf

i,j

[
1 +

βsf
i,j

βfm
i,j

]−1

. (8)

The kernel, which is twice the harmonic mean of the slip flow and the free molecular
kernels, is a complicated function of the soot particle size.
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3 Stochastic Particle Method

This section will illustrate a stochastic approach to solve Eq. 1 for the model de-
scribed and presents a direct simulation algorithm. Equation 1 is a more general
form of the basic discrete Smoluchowski coagulation equation, which has been solved
analytically and stochastically for simple kernels [1, 28, 31]. The equation has also
been numerically solved for complicated kernels with the Method of Moments [12]
and stochastically [18, 4, 29] using the concept of majorant kernels [7]. The majorant
kernel is a tool for reducing the computational expense of the direct simulation algo-
rithm (DSA) and an extension of it is used in the following section for the transition
regime.

3.1 Majorant kernel for the transition regime

The majorant kernel, β̂i,j, used to evaluate Rcoag (see appendix B) should have the
following properties:

1. It must be greater than or equal to the coagulation kernel βi,j for all i, j;

2. Calculating the total coagulation rate Rcoag should be fast;

3. It should have a high efficiency, i.e. βi,j/β̂i,j as close to 1 as possible so that
Rcoag is as small as possible.

The majorant kernel for the free molecular regime, β̂fm
i,j , was developed by Goodson

and Kraft [18] and was seen to reduce the complexity of simulating the coagulation
process from O(N2) to O(N). The kernel is given by:

β̂fm
i,j = 1.4178 × A (i−

1
2 + j−

1
2 )(i

2
3 + j

2
3 ). (9)

Achieving all the three goals above is not easy in the transition regime, so we
introduce a majorant rate which is a slight generalization of the majorant kernel
concept.

First we derive a majorant for Eq. 8 that meets criteria 1 and 3. We note that
no majorant is required for the slip flow regime and we have already referred to a
majorant for the free molecular regime so, following the harmonic mean idea, we
define:

1

β
t

i,j

:=
1

β̂fm
i,j

+
1

βsf
i,j

,

and since β̂fm
i,j ≥ βfm

i,j we have:

1

β
t

i,j

≤ 1

βfm
i,j

+
1

βsf
i,j

=
1

β t
i,j

,
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which implies

β
t

i,j ≥ β t
i,j. (10)

However, β
t
is not suitable for use as a majorant because it does not satisfy criteria

2. We proceed to a slightly larger majorant kernel with the definition:

β̃ t
i,j := min

(
β̂fm

i,j , βsf
i,j

)
≥ β

t

i,j ≥ β t
i,j.

Evaluating Rcoag using β̃ t is still slow - O(N2) since every pair of particles has to
be considered. Defining R̃ t

coag as the value of Rcoag resulting from setting β = β̃ t

in the definition of Rcoag in appendix B and R̂fm
coag analogously we have a majorant

rate R̂ t
coag for the transition regime given by (note that there is no β̂ t):

R̂ t
coag := min

(
R̂fm

coag, R
sf
coag

)
≥ R̃t

coag ≥ Rt
coag.

If R̂fm
coag ≤ Rsf

coag the time step proceeds using β̂fm as a majorant kernel, otherwise
βsf is used.

In section 4.4 we record the proportion of fictitious coagulation events resulting from
the use of this majorant for various flames, the figure never exceeds 40%.

3.2 The Algorithm

The stochastic algorithm for solving the Smoluchowski equation follows:

1. Generate the initial state, for all the flames we simulate in this paper this
initial condition is 0 particles.

2. Wait an exponentially distributed time step τ , with parameter

R(p) = Rcoag(p) + Rpin(p) + Rcond(p) + Rsg(p) + RO2 ox(p) + ROH ox(p),

τ = − ln(y)

R(p)
, y is a uniformly distributed random number between 0 and 1.

where Ri for each regime are defined in appendix B and Rcoag is calculated
based on the majorant kernels.

3. With probability
Rω(p)

R(p)
,

go to step ω, where ω = 4 is Particle inception, ω = 5 is Surface growth
by C2H2, ω = 6 is Oxidation by O2, ω = 7 is Oxidation by OH, ω = 8
is Coagulation, and ω = 9 is Condensation. ω may be generated using the
standard inverse transform method, see for example algorithm ‘DI’ in § 3.2.4
of [9].
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4. Perform inception, i.e.

(a) Add a particle of size 32 to the ensemble and go to step 2.

5. Perform surface growth by C2H2, i.e.

(a) Select a particle of size i weighting each particle by its surface area.

(b) Remove the particle of size i, add a particle of size i + 2 to the ensemble.

(c) Go to step 2.

6. Perform oxidation by O2, i.e.

(a) Select a particle of size i weighting each particle by its surface area.

(b) Remove the particle of size i and

i. add a particle of size i − 2, if i �= 32 or i �= 33.

ii. If i = 32 or i = 33, then the model treats the particle as oxidized
back to the gas phase and it is not replaced in the ensemble.

(c) Go to step 2.

7. Perform oxidation by OH, i.e.

(a) Select a particle of size i weighting each particle by its surface area.

(b) Remove the particle of size i and

i. add a particle of size i − 1, if i �= 32.

ii. If i = 32, then the model treats the particle as oxidized back to the
gas phase and it is not replaced in the ensemble.

(c) Go to step 2.

8. Perform coagulation , i.e.

If operating in the transition regime go to step 8f, else go to step 8a

(a) With probability

Yi/

4∑
i=1

Yi

go to step 8b for i = 1, step 8c for i = 2, step 8d for i = 3, and step 8e
for i = 4. Yi are defined for each regime in appendix B.

(b) The particles are selected by observing the terms in the expression Y1:

i. Select a particle of size i uniformly from the ensemble;

ii. Select a particle of size j uniformly from the ensemble for the con-
tinuum and the slip flow regime and weighted by mass to the power
one-sixth for the free molecular regime;

iii. If i = j, then go to step 8b, otherwise go to step 8g.
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(c) The particles are selected by observing the terms in the expression Y2:

i. Select a particle of size i weighted by mass to the power one-third
for the continuum and the slip flow regime and by mass to the power
one-sixth for the free molecular regime;

ii. Select a particle of size i weighted by mass to the power minus one-
third for the continuum and the slip flow regime and by mass to the
power minus one-half for the free molecular regime;

iii. If i = j, then go to step 8c, otherwise go to step 8g.

(d) The particles are selected by observing the terms in the expression Y3:

i. Select a particle of size i uniformly from the ensemble for the slip
flow regime;

ii. Select a particle of size j weighted by mass to the power minus one-
third for the slip flow regime;

iii. If i = j, then go to step 8d, otherwise go to step 8g.

(e) The particles are selected by observing the terms in the expression Y4:

i. Select a particle of size i weighted by mass to the power minus one-
third for the slip flow regime;

ii. Select a particle of size j weighted by mass to the power minus two-
third for the slip flow regime;

iii. If i = j, then go to step 8e, otherwise go to step 8g.

(f) Procedure for the transition regime.

Evaluate the rate of coagulation, Rcoag, for the free-molecular (Rfm
coag) and

the slip flow (Rsf
coag) regimes. These are defined in appendix B.

i. If Rfm
coag ≥ Rsf

coag, then go to step 8a with Y1, Y2 from the free-

molecular regime and β̂ t = β̂fm else

ii. go to step 8a with Y1, Y2, Y3, Y4 from the slip flow regime and β̂ t =
β̂sf

(g) Perform the (possibly fictitious) coagulation

i. With probability

1 − βi,j

β̂i,j

calculated using the kernels from the active regime (note that β̂sf ≡
βsf ) the event is fictitious so do not alter the particle ensemble and
go to step 8(g)iii else

ii. remove the particles of size i and j, add a particle of size i + j

iii. go to step 2

9. Perform a condensation step, i.e.

If operating in the transition regime go to step 9e, otherwise go to step 9a

11



(a) With probability

Zi/
3∑

i=1

Zi

go to step 9b for i = 1, step 9c for i = 2, step 9d for i = 3. Zi is defined
for each regime in Appendix B.

(b) Select a particle of size i uniformly from the ensemble and go to step 9f.

(c) Select a particle of size i weighted by mass to the power one-third and
go to step 9f.

(d) Select a particle of size i weighted by the surface area of the particle for
the free molecular regime and by mass to the power minus one-third for
the slip flow and the continuum regimes. Go to step 9f.

(e) Procedure for the transition regime.

Evaluate the rate of condensation-Rcond for the free molecular (Rfm
cond) and

the slip flow (Rsf
cond) regimes. These are defined in Appendix B.

i. If Rfm
cond ≥ Rsf

cond, then go to step 9a with Z1, Z2, Z3 from the free-

molecular regime and β̂t,cond = βfm,cond else

ii. Go to step 9a with Z1, Z2, Z3 from the slip flow regime and β̂t,cond =
βsf,cond

(f) Perform the (possibly fictitious) condensation event

i. If the original regime was anything except transition go to step 9(f)iii
else

ii. with probability

1 − βt,cond
i

β̂t,cond
i

the event is fictitious so do not alter the particle ensemble and go to
step 9(f)iv else

iii. remove the particle of size i, add a particle of size i + 16

iv. go to step 2

The above algorithm along with the results obtained from PREMIX [23] are used to
solve for the soot particle size distribution. PREMIX, a one dimensional premixed
laminar flame code, provides the concentration of various gaseous species and tem-
perature as a function of time or distance from the burner. It uses an elaborate
reaction mechanism [32] and has been modified to account for soot growth [25].

The authors would be happy to provide a FORTRAN 90/95 implementation of this
algorithm on request.
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4 Numerical Results

In this section we test the implementation of the algorithm and discuss results
obtained from simulating premixed flames with varying properties, such as the op-
erating pressure and the C/O molar ratio.

4.1 Validity of the algorithm

Before presenting results for real flames we show data for some specially constructed
test cases. These cases were chosen such that high quality numerical solutions to
Eq. 1 were readily obtainable using LSODE [27] and to test all the features of our
code. We did this by devising a set of chemical and physical conditions for each
pressure regime that led to each of the four surface reactions described in Section 2
having rates of a similar order of magnitude (unlike most physical cases where they
vary by many orders).

An important acceleration of LSODE was achieved by redefining the δ� of Eq. 2 as
follows:

δ� =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
16 for � = 1 : Condensation,

4 for � = 2 : Acetylene addition,

−8 for � = 3 : O2 oxidation,

−4 for � = 4 : OH oxidation,

so we only had to solve Eq. 1 for i = 32, 36, 40... one quarter of the number of size
classes needed for the physically realistic cases. LSODE can only solve Eq. 1 for
a finite number of size classes. We ensured that the number of size classes used
enabled LSODE to handle the largest particles that we observed in our stochastic
simulations and which led to negligible number densities for the largest size classes.
We found our results to be stable under variations of this parameter.

LSODE uses an adaptive stepping method to advance the solution over time. We
set the error control to restrict the estimated relative error introduced in each time
step to 1 × 10−6 for every component of the solution. This was intended to ensure
that the relative error in all components of the final solution was small, altering this
relative tolerance by a factor of 10 was not found to affect our results.

We used a range of settings to collect the stochastic simulation results shown here,
as for LSODE we experimented with the parameter values to check that the results
were independent of the values we used. All the results shown are averaged over at
least 20 repetitions of the simulations with the number of computational particles
over 32768 except in the initial phases. We achieved 95% confidence intervals of
less than ± 2% for the first few size classes. Figure 2 shows the solution to Eq. 1
obtained in the test cases as described above. As can be seen in the figure, we
ran the simulations for long enough to develop a range of particle sizes. The figure
provides a clear illustration of the convergence results given in [8], which say that
the data obtained by DSA should converge to a solution of Eq. 1 as the number of
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Figure 2: Comparison of the soot particle size distribution between the LSODE (—
) and the Direct Simulation Algorithm (�)

computational particles used tends to infinity. These results give us confidence that
the results we now present in Sec. 4.2 are accurate solutions of Eq. 1 for the relevant
input data.

4.2 Simulation of laminar premixed flames

Four laminar premixed flames (Table 1), with varying properties and from different
experimental groups [36, 34, 22], were selected. We chose these flames to cover a
range of pressures, C/O ratios, and maximum temperatures.

Table 1: Properties of the laminar premixed flames
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Flame Mole fraction C/O Tmax Velocity Pressure
C2H4 O2 N2 ratio (K) (cm/s) (bar)

HW1.64 0.242 0.379 0.379 0.64 1790 8.0 1
XSF1.78 0.14 0.18 0.68 0.78 2104 4.0 1
JW10.60 0.112 0.1865 0.7015 0.60 2015 6.0 10
JW10.68 0.125 0.184 0.691 0.68 1880 6.0 10

The flames, two each from 1 and 10 bar with C/O ratio ranging from 0.64 – 0.78 and
maximum temperature from 1790 K – 2104 K were simulated. Figure 3 shows the
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Figure 3: Comparison of the Number density and Soot volume fraction between
the DSA (—), Method of Moments (- - -), and Experimental measurements (•)

comparison of the number density and soot volume fraction between the DSA, MoM,
and experimental measurements [36, 34, 22] for the laminar premixed flames. Only
the normalized soot particle size distribution was available for the flame HW 1.64
and thus the soot volume fraction could not be plotted in Fig. 3. A good agreement
is observed between the DSA and MoM. In this work, MoM is used as published
in [2] and the code is available on the internet [10]. In this version two important
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approximations are made, which account for the difference in the two numerical
techniques:

1. Interpolation techniques are used to evaluate the coagulation term in the Eq. 1;

2. The oxidation simply causes a change in the mean particle mass without ac-
counting for the possibility of very small particles being oxidized back into the
gaseous phase.

This would explain why the MoM predicts higher particle number density than
DSA for all the four flames, especially in the flame HW 1.64, where the bi-modal
distribution means that small particles are present at all times and so have a greater
effect.

The prediction of DSA for the soot volume fraction matches the experimental mea-
surements for the flames XSF 1.78 and JW 10.60. However, the results for the flame
JW 10.68, though matching in the trend, are off by a factor of 4. The difference
between the measurements and numerical prediction is attributable to problems in
modelling the number of active sites on the surface of soot particles that are avail-
able for reaction with the surrounding gaseous species. Here, the active sites on
the surface of the soot particle are calculated by a fit developed [2] from the data
available from 8 laminar premixed flames. This fit introduces an error. For the
flames where the surface reactions are the dominant processes, such as the flame
JW 10.68, the error gets magnified. This motivated us to study the relationship of
soot particle age and active sites on the surface of the particle [29].

The stochastic method also gives a detailed information of properties associated with
soot particles, e.g. size, surface area, and age. Figure 4 shows the size distributions
of the soot particles at different times.
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Figure 4: Soot particle size distribution of the laminar premixed flames

Both bi-modal and uni-modal distributions are observed. In [36] SMPS measure-
ments have been carried out and the soot particle size distributions are linked to
the maximum flame temperature. The authors suggested that for the temperature
range of 1700 K–1850 K, the size distributions are bi-modal. The simulated soot
particle size distribution of flame HW 1.64 agrees with this proposition.

Figure 4 also shows the effect of the C/O ratio at a constant pressure on the soot
particle size distribution. It is observed that the maximum and mean size of the soot
particle increases with the C/O ratio. The primary reason for this is the large relative
increase in the rate of the C2H2 addition compared to the other surface reactions.
In the flame JW 10.60, the size distribution alters very little at later times because
the rate of OH oxidation compensates for the growth by C2H2 addition and Pyrene
condensation. The shift in the distribution is thus a result of coagulation, which
has a small rate. Whereas, in the flame JW 10.68, the C2H2 addition dominates the
surface reaction processes and together with coagulation gives rise to the shift in
the distribution towards the larger particles. The same reasoning holds true for the
flames HW 1.64 and XSF 1.78.

4.3 Pressure regime study

A further study was done to observe the regimes the soot particles were in for various
operating pressures in the flame. Knowing the regime of the particle in advance
enables the selection of an efficient majorant kernel thus reducing the computational
time. For this study, the chemical conditions were those of the flame JW 10.68. The
pressure input to the stochastic soot model was varied from 1 to 100 bar without
altering the flame chemistry predicted by PREMIX in the 10 bar case.
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Figure 5: Percentage of soot particles in the Free molecular regime (· · · ), Transition
regime (- - -), and Slip flow regime (—) at 1, 10, 100 bar operating pressure of a flame

Figure 5 illustrates the percentage of coagulation partners in different regimes for
varying pressures in the flame. It is observed that these soot particles are dominantly
in the free molecular regime for the 1 bar flame, transition regime for the 10 bar
flame, and slip flow regime for the 100 bar flame. The study justifies the extension
of stochastic algorithm to higher operating pressures of flames.

4.4 Performance

We observed the efficiency of the majorant kernel, which we define as the number of
coagulation jumps performed divided by the number of times the coagulation event
was selected. It was seen that the efficiency of the majorant kernel for the flame
HW 1.64 was 0.87, flame XSF 1.78 was 0.80, and flame JW 10.60 was 0.61. These
numbers depict a satisfactory performance of the majorant kernel. However, while
simulating the four flames we observed that the simulation times were of the order
of hours compared to minutes in [4]. The reasons for this were the following:

1. Particle doubling [28], a variance reduction technique, was used to obtain ac-
curate soot particle size distributions for later times;

2. The rate of processes contributing to the soot formation and oxidation were
higher by orders of magnitude than in [4]. This resulted in extremely short
time steps and thus increased the computational time.

3. The number of stochastic particles representing the soot ensemble was higher
than in [4].

All of the above reasons contributed to large simulation times for the flames. This
issue was addressed by developing a new more efficient algorithm, which we used in
[29] and which will be detailed in future publications.

18



5 Conclusions

This paper presents a stochastic method for solving the population balance equa-
tion describing the formation, growth, and oxidation of soot particles. It extends
previous work by including coagulation mechanisms valid at higher pressures, such
as the transition, slip flow, and continuum coagulation kernels. We introduced a
new generalized majorant kernel to cover these higher pressure regimes. This en-
abled us to accelerate the simulations using the concept of fictitious jumps. The
implementation of the stochastic algorithm was validated against LSODE. This ex-
tended stochastic algorithm was then applied to laminar premixed flames operating
at pressures ranging from 1 bar - 10 bar to obtain the soot particle size distributions
for different positions in these flames. The moments of these distributions were
compared to the experimental measurements and the solutions obtained from the
Method of Moments. The agreement between the numerical methods and experi-
mental measurements was good.

The effect of change in the parameters such as the C/O ratio, the operating pressure,
and the peak temperature of the flame were studied. It was observed that the mean
and the maximum size of the soot particle increased with the C/O ratio with the
surface growth by C2H2 addition playing an important role in it. We demonstrated
the importance of considering the different pressure regimes by showing the extent
to which they are used at higher pressures. Also, the nature of the soot size distri-
bution (bi-modal or uni-modal) obtained from the simulations matched the recent
experimental measurements. However, this needs to be investigated further as the
experiments were limited to atmospheric pressure flames.

This work will facilitate investigation into the soot model as it implements the model
exactly. The present work shall be augmented by accounting for effects due to a
more detailed soot model and development of more efficient stochastic algorithms.
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A Summary of kernels

Table 2: Summary of the kernels for processes in different regimes

Free molecular regime Continuum regime

Coagulation A (i−1 + j−1)
1
2

(
i

1
3 + j

1
3

)2

K0

[
2 + (i/j)

1
3 + (j/i)

1
3

]
Nucleation 2.2

(
πkBT

mc

) 1
2

d 2
PAH 4K0[

C1 + C2 i
1
3 + C3 i

2
3

]
C3 = 0.55

(
6mc

πρs

) 2
3
√

πkBT
2 mc

Condensation
C2 =

√
128
3

d1

(
πρs

6mc

) 1
3
C3

K0

[
2 + (i/16)

1
3 + (16/i)

1
3

]
C1 =

√
8
3

d1

(
πρs

6mc

) 1
3
C2

Slip flow regime Transition regime

K0

(
i

1
3 + j

1
3

)
×

Coagulation [(
i−

1
3 + j−

1
3

)
+ U

(
i−

2
3 + j−

2
3

)] [(
βfm,coag

i,j

)−1

+
(
βsf,coag

i,j

)−1
]−1

Nucleation 4K0

[
1 + U (16)−

1
3

] [(
βfm,nucl

)−1
+
(
βsf,nucl

)−1
]−1

K0

[(
2 + U

(16)
1
3

)
+ i−

1
3

(
U + (16)

1
3

)]
Condensation

+K0

(
i
16

) 1
3

(
1 + U

(16)
1
3

) [(
βfm,cond

i

)−1

+
(
βsf,cond

i

)−1
]−1
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B Rate of processes

The rate of the processes, which are used to calculate the probability of the occur-
rence of the processes and the time step for the markovian process, are as follows:

Particle Inception (Rpin) : =
1

2
β16,16 (CPAHNA)2 N

Coagulation (Rcoag) : =
1

2N

[ ∑
32≤i,j≤imax,jmax

(βi,jNiNj) −
∑

32≤i≤imax

βi,iNi

]

Free molecular =
A

N

⎡⎢⎢⎢⎢⎣(n − 1)
imax∑
i=32

Ni i
1
6︸ ︷︷ ︸

Y1

+

(
imax∑
i=32

Ni i
2
3

imax∑
i=32

Ni i−
1
2 −

imax∑
i=32

Ni i
1
6

)
︸ ︷︷ ︸

Y2

⎤⎥⎥⎥⎥⎦

Continuum =
K0

N

⎡⎢⎢⎢⎢⎣n(n − 1)︸ ︷︷ ︸
Y1

+
imax∑
i=32

Ni i
1
3

imax∑
i=32

Ni i−
1
3 − n︸ ︷︷ ︸

Y2

⎤⎥⎥⎥⎥⎦

Slip flow =
K0

N

⎡⎢⎢⎢⎢⎣n(n − 1)︸ ︷︷ ︸
Y1

+
imax∑
i=32

Ni i
1
3

imax∑
i=32

Ni i−
1
3 − n︸ ︷︷ ︸

Y2

+

U(n − 1)
imax∑
i=32

Ni i−
1
3︸ ︷︷ ︸

Y3

+ U

(
imax∑
i=32

Ni i
1
3

imax∑
i=32

Ni i−
2
3 −

imax∑
i=32

Ni i−
1
3

)
︸ ︷︷ ︸

Y4

⎤⎥⎥⎥⎥⎦
For the coagulation, βi,j is replaced by β̂i,j for the free molecular regime. The β16,16

for the particle inception is taken from the Table 2. N , n, imax are the normalization
factor, total number of particles per cm3 and maximum size of the soot particle
respectively. Note the definition of the Yi by means of the under-braces.
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Condensation (Rcond) : = CPAH NA

imax∑
i=32

βi,16Ni

Free molecular = CPAH NA

⎡⎢⎢⎢⎢⎣C1 n︸︷︷︸
Z1

+ C2

imax∑
i=32

Ni i
1
3︸ ︷︷ ︸

Z2

+ C3

imax∑
i=32

Ni i
2
3︸ ︷︷ ︸

Z3

⎤⎥⎥⎥⎥⎦
Continuum = CPAH NA K0 ×⎡⎢⎢⎢⎢⎣ 2n︸︷︷︸

Z1

+ (16)−
1
3

imax∑
i=32

Ni i
1
3︸ ︷︷ ︸

Z2

+ (16)
1
3

imax∑
i=32

Ni i−
1
3︸ ︷︷ ︸

Z3

⎤⎥⎥⎥⎥⎦

Slip flow = CPAH NA K0 ×

⎡⎢⎢⎢⎢⎣(16)−
1
3

(
1 +

U

(16)
1
3

)
imax∑
i=32

Ni i
1
3︸ ︷︷ ︸

Z2

+

(
2 +

U

16
1
3

)
n︸ ︷︷ ︸

Z1

+
(
U + (16)

1
3

) imax∑
i=32

Ni i−
1
3︸ ︷︷ ︸

Z3

⎤⎥⎥⎥⎥⎦
Note the definition of the Zi by means of the under-braces.

Surface Growth by C2H2 (Rsg) := fR4 × Ratio fb × eff sites ×
imax∑
i=32

Ni i
2
3

Oxidation by O2 (RO2 ox) := fR5 × Ratio fb × eff sites ×
imax∑
i=32

Ni i
2
3

Oxidation by OH (ROH ox) := fR6

√
πkBT

2mOH

(
6mc

πρs

) 2
3

NA ×
imax∑
i=32

Ni i
2
3

The constants for the surface reactions are defined in the table 3.
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Table 3: Surface reactions of soot particles with the gaseous species.
Csoot−H + H � Csoot∗ + H2 (fR1, rR1)
Csoot−H + OH � Csoot∗ + H2O (fR2, rR2)
Csoot∗ + H → Csoot−H (fR3)
Csoot∗ + C2H2 → Csoot−H + H (fR4)
Csoot∗ + O2 → products (fR5)
Csoot−H + OH → products (fR6)

The rates of each reaction are as follows:

fR1 = 4.2 × 1013 e−( 13
RT ) CH

rR1 = 3.9 × 1012 e−( 11
RT ) CH2

fR2 = 1010 T 0.734 e−( 1.43
RT ) COH

rR2 = 3.68 × 108 T 1.139 e−( 17.1
RT ) CH2O

fR3 = 2 × 1013 CH

fR4 = 8 × 107 T 1.56 e−( 3.8
RT ) CC2H2

fR5 = 2.2 × 1012 e−( 7.5
RT ) CO2

fR6 = 0.13 COH

backward sum = rR1 + rR2 + fR3 + fR4 + fR5

forward sum = fR1 + fR2

Ratio fb =
forward sum

backward sum

sites = πχ

(
6m1

πρs

)2/3

eff sites = α × sites

The parameter α is defined as:

α = tanh(a/ log(µ1) + b)

a = 12.65 − 5.63 × 10−3 T

b = −1.38 + 6.80 × 10−4 T

µ1 =
imax∑
i=32

(Ni i) /

imax∑
i=32

Ni

χ is the estimated total surface carbon density / cm2.
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C Nomenclature

Table 4: Nomenclature.
Symbol Expansion of Symbol Value Units

NA Avogadro Number 6.0243 × 1023 mole−1

kB Boltzmann constant 1.3807 × 10−16 JK−1

mc, m1 Mass of a carbon atom 12 amu
mOH Mass of a OH molecule 17 amu
d1 Size of the benzene ring 0.242 nm
dPAH Diameter of a Pyrene molecule 0.79 nm
ρs Density of soot 1.8 g cm−3

CPAH Concentration of Pyrene mol cm−3

χ Nominal number of sites 2.3 × 1015 cm−2

Kn1 Knudsen number calculated for d1
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