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Abstract

In the present study the evolution of size distributions of soot particles in
premixed laminar flames is investigated. A computationally efficient stochas-
tic approach is used to model the dynamics of the soot particle ensemble. The
stochastic method is enhanced to include a formalism for modelling coagula-
tion at high pressures. A detailed kinetic model is used to describe gas phase
reactions and the formation, growth and oxidation of soot particles. Four fuel
rich laminar premixed flames at different pressure are investigated. It is found
that calculated size distributions vary markedly in shape between the differ-
ent flames. The distributions calculated in the two flames at elevated pressure
and in the sub-atmospheric flame exhibit log-normal shape in the post-flame
zone. In contrast, a bimodal distribution is found for the atmospheric flame,
which persists throughout the entire flame. The bimodal behavior could be
attributed to continuous nucleation. Furthermore, the effect of surface ageing,
i.e. the deactivation of sites on the soot particles’ surface available for reac-
tion with gas phase species, is investigated. For this purpose a definition of a
particle’s age is introduced and age distributions are calculated. Subsequently
it was investigated if the surface reactivity could be correlated with the par-
ticle age. Two different correlations were investigated: a) a step-function
attributing a high surface activity to young particles and low activity to old
particles and b) an exponential function giving a smooth transition of sur-
face activity with particle age. Good agreement with measured soot volume
fractions could be obtained with both approaches. The decay constant in the
exponential correlation was found to be a linear function of maximum flame
temperature for three of the four calculated flames. For these three flames the
experimentally established trend that surface deactivation proceeds faster at
higher temperatures could thus be reproduced.
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1 Introduction

The formation of carbonaceous particulate matter is often observed in fuel rich
premixed flames as well as in diffusion flames [1]. This poses a great challenge
in practical devices such as Diesel engines and gas turbines due to the particles’
adverse health effects. The understanding of the underlaying chemical and physical
processes leading to the formation and growth of these particles is thus of great
importance.

To model the evolution of an ensemble of soot particles the appropriate population
balance equation [2] has to be solved. Different approaches have been proposed in
the past. Frenklach et al. [3, 4, 5] applied the method of moments to study soot
formation in premixed flames using a detailed kinetic soot model. A major feature of
the method of moments is its computational efficiency, which enabled its application
to more complex problems such as soot formation in Diesel engines and gas turbines
[6, 7, 8]. While the method of moments predicts ensemble averaged quantities, the
exact shape of the size distribution is not known explicitly.

Other approaches that have been applied to model the dynamics of the size distri-
bution of soot particles include a discrete sectional method [9], a Galerkin approach
[10] and stochastic methods [11, 12]. In the latter studies only atmospheric and
low-pressure flames could be investigated since the description of coagulation was
limited to the free-molecular regime.

Besides suitable methods for modelling the dynamics of the soot particle ensemble,
detailed knowledge of the processes of particle formation and growth are essential to
accurately model the formation of soot. Among the different processes, reactions of
gas phase species with sites on the particles’ surface have been identified to govern
the final particle mass [13]. It was experimentally observed that the reactivity of
surface sites decreases with increasing particle growth or age [1, 13, 14, 15]. Hence
this process is often called surface ageing. It was attributed to a decrease of active
surface sites, i.e. sites that are accessible for reaction.

The notion of active sites on the soot particle surface was introduced into kinetic
soot modelling by Frenklach and Wang [16]. In conjunction with a decrease in con-
centration of H-radicals [5, 16], it was used as an explanation for the experimental
observation of surface ageing. On a mechanistic basis Frenklach et al. [17, 18]
attributed surface ageing to the formation of defects on the particles’ surface gen-
erated during surface growth. Surface ageing was also attributed [19, 20, 21] to
the reversibility of the acetylene addition step in a HACA (hydrogen abstraction -
carbon addition) [5, 16] surface growth scheme.

While initially a constant fraction of active sites was used with the kinetic soot model
[5, 16], it was expressed as a function of flame temperature [22] and subsequently
as a function of flame temperature and mean particle size [23]. A global expression
for the mean fraction of active surface sites for a series of laminar premixed flame
was established [23].

The aim of the present study is twofold. Firstly, the stochastic approach presented
in Ref. [11] is enhanced to include coagulation at high pressures. Previous inves-
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tigations of size distributions [11, 12] are extended to a series of laminar premixed
flames varying in pressure.

Secondly, a definition of particle age is proposed and particle age distributions are
calculated. This is possible because a stochastic particle method is used, which can
carry different properties for each stochastic particle. Hence individual fractions
of active surface sites can be assigned to each particle. Using this approach it is
investigated if the number of active sites could be correlated with particle age. The
fact that each particle can carry its individual fraction of active surface sites means
that not only laminar premixed flames but also other classes of problems can be
described where the history of each particle might differ. The present paper is a
first attempt to investigate this approach.

2 Method

The evolution of the soot particle size distribution functions in laminar premixed
flames was simulated in two steps. In the first step the flame structure and moments
of the soot size distribution [4] were simulated using detailed kinetic models for gas
phase chemistry [23, 24] and soot formation [5, 23]. In the second step the soot size
distribution was calculated with a stochastic approach using results from the first
step as an input.

2.1 Flame Simulations

The flame structure was calculated with the PREMIX computer code [25]. A chem-
ical mechanism describing the oxidation of the fuel and the formation of polycyclic
aromatic hydrocarbons (PAHs) was applied [23, 24]. The PREMIX code used in
the present study had been modified [26] to include transport equations for the soot
moments [27]. The processes involved in the formation of soot particles were de-
scribed on the basis of the detailed kinetic soot model developed by Frenklach et
al. [5, 23] and the method of moments [4]. Rates of soot formation included nucle-
ation, coagulation, condensation of PAHs onto the surface of soot particles, surface
growth, i.e. the addition of acetylene to radical sites on the surface, and oxidation
by hydroxyl radical and molecular oxygen.

Using the calculated velocity profile of the premixed flame, the spatial coordinate,
i.e. height above burner, was transformed into a residence time. Temperature and
species concentrations as function of residence time were saved and used as input to
the simulations calculating the dynamics of the particle size distribution function.

2.2 Simulation of the Soot Particle Size Distribution

The dynamics of an ensemble of soot particles is described by the Smoluchowski
equation [28] with additional source terms for nucelation and surface reactions:
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∂

∂t
N(t, i) = R(t)δ∗in +

1

2

i−1∑
j=1

βi−j,j N(t, i − j) N(t, j) −
∞∑

j=1

βi,j N(t, i) N(t, j) +

4∑
l=1

[
kl

i−δ(l) N(t, i − δ(l)) − kl
i N(t, i)

]
, (2.1)

with the initial condition
N(0, i) = N0(i) ≥ 0,

where N(t, i) is the number density of particles of size i at time t, R(t) the rate of
nucleation, δ∗in the size of the incepted particles, βi,j the coagulation kernel, and kl

i

the rate of the lth surface reaction for particles of size i. The smallest particles were
assumed to consist of 32 carbon atoms corresponding to a dimer of pyrene molecules
[29].

Four different surface reaction processes were considered:

• l=1, particle growth by the addition of C2H2 to the surface, δ(l) = 2

• l=2, particle growth by the addition of pyrene to the surface, δ(l) = 16

• l=3, oxidation of particles by O2, δ(l) = −2

• l=4, oxidation of particles by OH, δ(l) = −1

A stochastic approach is used to solve Eq. 2.1. Only a brief outline of the algorithm
will be given in the following, for a more detailed description see Refs. [11, 30, 31, 32].

The ensemble of soot particles is approximated by a stochastic particle system.
Rates of nucleation and surface reactions were calculated using the kinetic soot
model [5, 23] and the temperature and species profiles as function of residence time
obtained with the Premix simulation as described above. With these rates the
size of the individual time steps or the waiting time is determined according to an
exponentially distributed random variable [30]. Subsequently, one of the possible
events is chosen probalistically relative to their respective rates. Depending on
which of the events has been selected, the appropriate number of particles needed
to perform this event is chosen according to the particles’ individual rates. Once a
step is performed the state of the particle system is updated and a new time step is
determined.

To enhance the performance of the algorithm as compared to a direct Monte-Carlo
simulation [30], the concept of majorant kernels and fictitious jumps presented in
[31] is used. A similar approach was used to calculate the size distribution in a
low pressure premixed flame in Ref. [11]. However, the method used was valid for
coagulation in the free molecular regime only. Recently Singh et al. [33] developed
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Table 1: Boundary values of the premixed laminar flames simulated. Flame desig-
nations are taken from Ref. [23]. Flames were studied experimentally in
Refs. [35, 36].

Flame p (bar) C/O-ratio Fuel cold gas
Designation velocity (cm/s)
WBF.12.3 0.12 1.3 C2H2 20.1
JW1.69 1 0.69 C2H4 5.9
JW10.673 10 0.673 C2H4 3.0
JW10.68 10 0.68 C2H4 6.0

an efficient majorant kernel that is valid over the entire regime of Knudsen num-
bers. They derived a majorant kernel using the harmonic mean of the kernels for
free molecular and continuum regime [34]. This kernel valid over the entire range of
Knudsen numbers was used in the present study. Also, a new method to accommo-
date surface reactions was introduced to account for the different timescales between
the numerous processes. It was thus feasible to calculate size distributions in highly
sooting premixed flames at elevated pressure.

3 Results and Discussion

Four different laminar premixed flames differing mainly in pressure and C/O ratio
were simulated, see Tab. 1. Measured volume fraction and temperature were avail-
able from literature [35, 36]. These flames were chosen since they were subject to a
detailed study by Frenklach and Appel [23]. Two flames, i.e. flames JW10.673 and
JW1.69, were investigated in more detail as they differ markedly in their particle
size distribution and soot growth characteristics.

3.1 Flame Structure

Soot volume fractions and number densities calculated with the method of moments
for flames JW10.673 and JW1.69 are depicted in Fig. 1. Also shown are experi-
mental measurements of soot volume fraction [36]. Note that the fraction of active
surface sites α, determining how many surface sites are available for reaction with
gas phase species, was slightly altered as compared to the recommended values in
Ref. [23]. This was necessary since no aggregation model was used in the present
study affecting the total surface area of the particle ensemble.

From Fig. 1 it can bee seen that the measured soot volume fractions are well
reproduced by the kinetic soot model. Final soot volume fractions in the JW10.673
flame exceed those in the JW1.69 markedly. Also, the maximum flame temperature
is lower in the atmospheric flame as compared to the 10 bar flame. The temperature
gradient in the post-flame zone is however more distinct in the 10 bar flame. Similar
trends are observed for calculated number densities. While number density drops
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by two orders of magnitude in the high pressure flame, its decrease is much less
pronounced in the atmospheric flame.

3.2 Particle Size Distributions

The temporal evolutions of the size distribution of soot particles for all flames were
simulated using the stochastic algorithm as described above. Calculated size distri-
butions as function of residence time for flames JW10.673 and JW1.69 are depicted
in Fig. 2.

In the high pressure flame, JW10.673, there are two distinct peaks only very early
in the flame up to 21 ms. At this point nucleation ceases and the distribution is
governed by surface growth and coagulation leading to log-normal shape.

The characteristics of the distribution in flame JW1.69 are markedly different. The
distribution is bimodal throughout the entire flame. A distinct peak is located at
small diameters while the large size region of the distribution is characterized by a
log-normal shape. Soot particle size distributions exhibiting a similar shape have
recently been measured by Zhao et al. in an atmospheric laminar premixed flame
[12].

The differences in shape observed for the distributions in the two flames are caused
by discrepancies in nucleation rates. Nucleation peaks at around 20 ms in the
JW10.673 flame and ceases a few of milliseconds later. In contrast nucleation is
continuous throughout the entire JW1.69 flame. In this flame temperatures range
between 1600 - 1700 K where nucleation is strong. However, due to the higher tem-
perature gradient this window of maximum nucleation is passed very rapidly in the
post-flame region in flame JW10.673. Secondary nucleation is thus less significant.

3.3 Particle Age Distributions

Experimental studies have indicated that the fraction of active surface sites decreases
with particle growth or age [1, 13, 14, 15]. Frenklach et al. used the concept of active
sites to capture the effect of surface ageing in the kinetic soot model. While initially
a constant fraction of active sites, denoted as α, was used with the kinetic soot model
[5, 16], it was expressed as a function of flame temperature [22] and subsequently as
a function of flame temperature and mean particle size [23]:

α = tanh(a(T )/µ1 + b(T )), (3.1)

where a(T ) and b(T ) are parameters depending on the maximum flame temperature,
µ1 is the first reduced moment of the particle size distribution defined as

µ1 = M1/M0 = (
∞∑
i=1

iNi)/(
∞∑
i=1

Ni), (3.2)

representing the average mass per particle. In a study of a series of laminar pre-
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Figure 1: Comparison of measured [36] and calculated soot volume fractions. Also
shown are simulated number densities (lines) and temperature profiles
(dashed lines) as function of residence time for flames JW10.673 and
JW1.69.
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Figure 2: Calculated evolutions of the soot particle size distributions with resi-
dence time for flames JW10.673 and JW1.69.
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mixed flames it was shown that parameters a(T ) and b(T ) could be correlated to the
maximum flame temperature [23]. Thus a global expression for α in premixed lam-
inar flames could be derived giving good results for all calculated premixed flames
in terms of soot volume fraction. However a mean α is used for all particles.

In the stochastic simulations the size and age of each particle in the ensemble is
known explicitly. One aim of the present study was thus to make use of this feature to
investigate if the number of active sites on the particles’ surface accessible for surface
reactions could be correlated with particle age. With the stochastic algorithm it is
possible to assign an individual α for each particle.

To investigate correlations between α and the age of individual particles, the age
distribution of soot particles was obtained. The age of a particle is defined as follows.
If a particle i is incepted its age is initialized as zero. After every event, or time step,
the age of the particle is incremented with the actual waiting time. If the particle
is selected for coagulation with particle j the age of the new particle of size i + j is
set to the mass weighted average of the ages of particles i and j:

Ap(t, i + j) =
mi(t)Ap(t, i) + mj(t)Ap(t, j)

mi(t) + mj(t)
, (3.3)

where Ap(t, i) and mi(t) are the age and mass of particle i at time t respectively. The
reactivity of large particles can thus be altered by collisions with young particles.

Calculated age distributions are shown for flames JW10.673 and JW1.69 in Fig. 3.
The age distributions reflect the basic features of the size distributions shown in Fig.
2. The age distribution for flame JW1.69 is bimodal throughout the entire flame
due to continuous nucleation while it is bimodal in the JW10.673 flame for a short
period in the main nucleation zone only. The main difference between size and age
distributions however is the width in the large size or in case of the age distribution
in the large age regions. While the size distribution develops a log-normal shape,
the width of the age distribution decreases with increasing time. Thus the range of
particle ages in flame JW10.673 at large residence times is rather small.

3.4 Age dependence of active sites

To find a suitable correlation function between the age and the fraction of active
surface sites of a particle, the expression in Eq. 3.1 used with the method of moments
[23] was investigated. Figure 4 shows the evolution of the mean α with residence
time for both flames. It can be seen that α is unity initially and decreases markedly
once soot particles start to grow. It levels off to a final value that is different for the
investigated flames, i.e. 0.4 for flame JW1.69 and 0.2 for flame JW10.673.

As already mentioned above, the shapes of the size distributions in the two flames
are noticeably different. In flame JW1.69 small, newly incepted particles are present
throughout the entire flame. These particles should have a high surface reactivity
as compared to the larger, older particles. It is thus intriguing to attribute the
difference in final α to the continuous presence of young particles in flame JW1.69.
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flames JW1.69 and JW10.673.

11



0.2

0.4

0.6

0.8

1

fr
ac

tio
n 

of
 a

ct
iv

e 
si

te
s,

 α

JW 1.69

JW 10.673

10-11

10-10

10-9

10-8

10-7

10-6

10-5

0 50 100 150

S
oo

t v
ol

um
e 

fr
ac

tio
n

Time (ms)

JW 1.69

JW 10.673
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Table 2: Parameter C used in correlation α = 0.2 + 0.8 exp(−CAp) and maximum
flame temperature for all simulated flames.

WBF.12.3 JW1.69 JW10.673 JW10.68
C 150 10 10 100

Tmax (K) 1980 1711 1895 1880

As a first attempt the dependence of α on the particle age Ap was thus expressed in
terms of a step-function.

α (AP ) =

{
1 for Ap ≤ θ
0.2 for Ap > θ

(3.4)

where θ is the critical age defining the boundary between the two step values.

In the step-function, a high reactivity is assigned to young particles and a low
reactivity to large particles. Surface weighted values of α obtained with the step-
function approach using θ = 12 ms are compared to the α used in the simulations
with the method of moments in Fig. 4. The evolution of α obtained with the
step-function closely resembles the original approach in both flames. The sudden
decrease in α is well captured.

The simulations of the particle size distributions were repeated using the step-
function approach to express the age dependence of α. A comparison of measured
and calculated soot volume fractions using the step-function approach in combina-
tion with the stochastic algorithm are shown in the lower panel of Fig. 4. It can be
seen that the calculated volume fractions are within a factor of two as compared to
the measured values despite the simplicity of the correlation between age and α.

It was also suggested that the fraction of active surface sites decreases exponentially
with its age [13, 37]. This idea was adopted and instead of a step function an
exponential function was used to correlate age and fraction of active sites:

α = a + b exp−CAp , (3.5)

where a and b are constants, C the inverse of a typical decay time and Ap the age
of a particle.

Using Eq. 3.5 simulations were performed for all four flames stated in Tab. 1. The
constant C was adjusted individually for each flame such that the calculated soot
volume fraction matched the measured values. Values of C obtained in this manner
are shown in Tab. 2. A comparison between calculated and measured volume
fractions along with surface weighted values of α is depicted in Fig. 5.

From Tab. 2 it can be seen that parameters C vary markedly between the four
calculated flames. Large values of C were obtained for the WBF.12.3 and JW10.68
flames corresponding to a strong decrease in α with increasing particle age. In
contrast, a much smaller value of C was found to give a good match to measured
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volume fractions for flames JW1.69 and JW10.673. This implies that for these two
flames the decrease of α with particle age is much slower.

It was suggested that the process of surface deactivation depends on flame temper-
ature [13]. Also, in their study Appel and Frenklach [23] correlated the parameters
used in Eq. 3.1 successfully with maximum flame temperature. Thus, the values of
parameter C used in Eq. 3.5 were plotted as function of maximum temperature of
the respective flames, as shown in Fig. 6.

It can be seen that C can be correlated to the maximum flame temperature for
three out of the four calculated flames, i.e. flames JW1.69, JW10.68 and WBF.12.3.
For these flames parameter C increases linearly with increasing maximum flame
temperature. A large value of C corresponds to a fast depletion of active surface
sites with increasing particle age. With the exception of flame JW10.673, the results
thus reproduce the trend that deactivation of surface reactivity proceeds faster at
higher temperatures.

It is however unclear why the value of C in flame JW10.673 differs so markedly to
flame JW10.68 although maximum flame temperatures are similar. Aggregation,
which is not included in the current model, could affect the age dependence of
α. Total surface areas might be altered differently depending on the degree of
aggregation in the different flames. For future work it is thus crucial to include
aggregation and to investigate a larger set of premixed flames.

4 Conclusions

Particle size distributions were calculated in laminar premixed flames at different
pressures. A stochastic approach to model the population balance of soot particles
was used. The method features a probabilistic description of all processes affecting
the size distribution. Using a new majorant kernel and a technique to treat surface
reactions the size distribution of soot particles in high-pressure flames could be
calculated.

With this approach soot formation was simulated in four laminar premixed flames at
different pressures. Reactions in the gas phase were described by a detailed chemical
mechanism and soot formation by a detailed kinetic soot model.

It was found that the distribution in the four flames differs in shape. In three of
the calculated flames the distributions exhibited log-normal shape in the post-flame
zone. The distribution in the atmospheric flame was found to bimodal with a distinct
peak at sizes smaller than 3 nm and a log-normal part in the large size region. The
peak at small diameters is due to continuous nucleation, which in turn is caused by
the flame temperature being in the window 1600 - 1700 K throughout the whole
flame.

The capabilities of the stochastic approach were used to calculate particle age dis-
tributions. With the calculated age distributions it was investigated if particle age
could be correlated with the fraction of active surface sites. Correlations of two
different functional forms were employed. First a step function was used to allocate
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a high surface activity to young particles and a low activity to old particles. In
the second approach surface activity was expressed as an exponential function of
particle age. Measured soot volume fractions could be well reproduced with both
methods. The decay constant, which corresponds to the inverse of a typical deacti-
vation time, used in the exponential approach was found to be a linear function of
maximum flame temperature for three of the four calculated flames. For the flame
with the highest maximum temperature the fraction of active sites was found to
decrease fastest with particle age. For the flame with the lowest maximum flame
temperature the decay of surface reactivity was calculated to markedly slower. This
compares well to experimental findings.

The results indicate that the fraction of active surface sites could indeed be expressed
as a function of particle age. However, one of the calculated flames did not fit
the trend found for the other flames. It is thus necessary to extend the present
investigation to a larger set of flames. Also, aggregation of soot particles affecting
the particles’ surface should be taken into account.
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