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Highlights

• Detailed population balance model used to perform a parametric sensitivity study

• Soot morphology and its effect on the interpretation of mobility size measurements

Abstract

A detailed population balance model is used to perform a parametric sensitiv-
ity study on the computed particle size distributions (PSDs) for a laminar premixed
ethylene burner-stabilised stagnation flame. The soot morphology in the post-flame
region is studied using computed sintering level distributions, fringe length analysis
of the polycyclic aromatic hydrocarbons within the primary soot particles, and TEM-
like projections of aggregates. The computed PSDs were found to be most sensitive
to the minimum particle inception size, the coagulation rate and the inception species
concentration. The PSDs were generally insensitive to the other parameters in the
population balance model. Changes in the particle inception size and the coagulation
rate led to an overall shift in the position of the coagulation peak. Only changes in
the inception species concentration led to a systematic shift in both the position of
the trough between the modes of the bimodal PSD and the coagulation peak at larger
diameters. Given the overall model, varying the inception species concentration with
each burner-stagnation plate separation was the only means possible to achieve a sat-
isfactory agreement between the experimental and computed PSDs and soot volume
fractions. This study shows that further work is required to better understand the
soot precursor chemistry, the inception of soot particles. Additional work may also
be needed in the area of experimental mobility sizing for the flame studied here.
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1 Introduction

Much progress has been made to understand the chemical and physical processes un-
derlying soot formation. However, details of the individual processes remain an open
question [13, 68]. In general, a basic understanding of the complex and often competi-
tive processes of soot nucleation and mass/size growth requires detailed kinetic modeling
through comparison of model results and experimental data and sensitivity analysis. For
this purpose, a range of experimental techniques have been developed to probe the size
and mass evolution of soot in flames. Soot volume fraction is most commonly measured
using light extinction and scattering [12] and laser light incandescence [59]. However,
interpretation of the laser-based experiment requires a fairly precise knowledge about the
refractive index of young soot which remains poorly understood. In principle, indepen-
dent verification of the optical measurements may be made using small-angle neutron
scattering [71], small-angle X-ray scattering [26] and thermocouple particle densitom-
etry [38], though very little systematic efforts have been made in that direction. The
detailed distribution of particle sizes may be measured by a scanning mobility particle
sizer (SMPS) (see, e.g., [36, 37, 58, 75–77]). Though the method is intrusive to the flame,
it nonetheless provides more detailed features about the evolution of the particle size dis-
tribution (PSD), from very small, incipient particles to aggregates as large as 100 nm in
mobility diameter. Ex situ analysis by high-resolution microcopy of particles collected
by a rapid insertion technique has been routinely employed (see, e.g., [16, 28, 48, 55]).
Whilst transmission electron microscopy (TEM) images show the morphology of a soot
particle, the higher magnification (see, e.g., [66]) is able to reveal some details of the in-
ternal structure of mature soot. Imaging incipient soot a few nanometers in size by TEM
is challenging [77], because of potential sample damage by the vacuum environment and
the high-energy electron beam of TEM, as shown recently by Schenk et al. [55]. Recent
advances in Helium ion microscopy (HIM) offer a low-energy, softer and high-contrast
solution to incipient soot imaging [55, 56]. The chemical composition of soot may be
analysed using laser microprobe spectroscopy [15, 16] and photoionisation aerosol mass
spectroscopy [45].

A large portion of the experimental data that are available with regards to the time evolu-
tion of soot PSD has been gathered in premixed flames [2, 3, 45, 58, 74–77]. A sample
probe is typically placed across the flame and PSDs would be measured by a SMPS. This
sampling technique is inherently intrusive and perturbs the flame [14, 75]. For this rea-
son, a premixed burner-stabilised stagnation flame (BSSF) configuration was introduced
where the sample probe is integrated into a water-cooled stagnation plate as a flow stagna-
tion surface for which pseudo-one-dimensional numerical solution of the flame problem
becomes feasible [4]. The probe in that setup may be treated as the flame boundary con-
dition; thus, eliminating the problem in earlier setups in which the probe effects on fluid
mechanics and reaction kinetics cannot be quantified easily. The setup, along with the nu-
merical modeling method for such flames, removes the need to carry out arbitrary “time or
spatial distance shifting” as it was customarily employed in comparison of experimental
data and modelling result.

Beyond the probe effect, measurements by SMPS coupled with BSSF faces other compli-
cations when such measurements are used for testing models. Like any other techniques
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for probing soot in flames, the interpretation of the data is not always straightforward.
Mobility measurements yields essentially the collision diameter of the particles. Thus
two factors can impact a proper comparison between model and experiment. The first
factor lies in the unknown morphology of the particles undergoing mass and size growth.
The second factor is related to the internal structure of the particles and thus the mass
density of the particle. HIM measurements have shown that particles < 10 nm in size can
exhibit odd, non-spherical shapes. Considering the experimental issues just discussed, it
would be beneficial to carry out a study in which the model and experimental uncertainties
are considered jointly. This paper will be a step in that direction.

The soot PSDs for an ethylene BSSF were modelled by Lindstedt and Waldheim [34]
using a surface volume description of particles and a sectional method. To counteract
the excessive depletion of the small particles in their model, they introduced a collision
efficiency for coagulation which varies between 1 for particle diameters greater than 5
nm and about 0.01 for pyrene. However, there are still some unresolved problems. For
example, the model is unable to predict particle diameters across all burner-stagnation
plate separations. It remains unclear whether the discrepancy is caused by the particle
morphological assumptions of the model in the simulation or by other factors.

There are also many detailed models of soot formation and solution methods [39]. For
example, Kraft and co-workers [9, 10, 40, 49–51, 54] employ a detailed population bal-
ance model which is solved using a stochastic method. The model has an unprecedented
level of chemical and physical details, giving insight into particle size, morphology, and
the internal structure of nanoparticles. This particular modelling approach has been suc-
cessfully applied to the analysis of a variety of nanoparticles. It was used to simulate the
PSDs of soot particles in laminar premixed flames [43, 62, 74] and to uncover the vari-
ous factors that govern the shape of PSDs and their time evolution [62, 74]. Specifically,
Singh et al. [62] performed a sensitivity analysis of the PSDs to various kinetic param-
eters in the hydrogen-abstraction–carbon addition (HACA) mechanism [20]. A unique
feature of the model is that it resolves the size and connectivity of the primary particles
in an aggregate; therefore, TEM-like projections of aggregates could be produced to vi-
sualise the temporal evolution of the fractal dimension in different flames [43]. Similar
investigations of soot PSDs, morphology and composition have been performed in the
context of engines [44]. The stochastic approach was also used to follow the morphology
of aerosols in Titan’s atmosphere [30] and to study the sintering of titania [73], silica [53]
and silicon [41]. One has to be aware, though, that the increasing complexity of the model
comes at a cost of including a large number of parameters, some of which were calibrated
against experiments, while others remain poorly known.

The purpose of this paper is to investigate whether the model can describe the evolution
of soot PSDs observed in the BSSF of Abid et al. [4]. The flame chemistry and structure
was computed using a pseudo-one-dimensional stagnation flow flame code with appropri-
ate boundary conditions. The particle dynamics were solved using a detailed population
balance model. A thorough parametric sensitivity study is carried out here to understand
how the various submodels and model parameters impact the various PSD features quanti-
tatively and to shed light on the mobility measurement, especially concerning the particle
morphology and its effect on the interpretation of the mobility diameter.

The paper is organised as follows: Section 2 introduces the gas-phase chemical mecha-
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nism, the governing equations and boundary conditions for the burner-stagnation flame
configuration, and key aspects of the detailed population balance model. Sections 3.1
and 3.2 present the temperature and species profiles, and the PSDs. Section 3.3 presents
the parametric sensitivity study of the computed PSDs. Section 3.4 shows various aspects
of the soot morphology calculated from the detailed population balance model.

2 Computational method

The computational method consists of two parts. In the first part, temperature and species
profiles are computed using a modified version [4] of Oppdif [35, 63], including calcula-
tion of the source terms by the Method of Moment with Interpolative Closure (MOMIC)
using the code published by Revzan et al. [52]. A gas-phase chemical mechanism, and
species thermodynamic and transport properties are supplied as input. The transport equa-
tions of the moments of the PSD are solved to approximately account for the production
and consumption of key gas-phase species due to surface growth, oxidation and conden-
sation processes. A total of six moments, including the zeroth moment, were solved using
MOMIC to close the moment transport equations. In the second part, a detailed popula-
tion balance model is applied as a post-processing step where the computed temperature
and species profiles from Oppdif are supplied as input. This two-step methodology has
been applied to the studies of a number of laminar premixed flames [11, 46, 61] and ideal
reactor simulations [5].

Oppdif simulations were performed using a unburned-gas composition (molar basis) of
16.3 % ethylene, 23.7 % oxygen and 60 % argon (an equivalence ratio of 2.07), a cold
gas velocity of 8 cm/s (STP), a burner temperature of 473 K and at atmospheric pressure,
in accordance with the experimental conditions [4]. Windward differencing was used and
multi-component transport and thermal diffusion were considered. About 200 grid points
were found to be sufficient for convergence. The energy equation was solved with both
gas and particle radiation.

The detailed population balance model requires the computed profiles from Oppdif to
be expressed in terms of the residence time of a Lagrangian particle travelling from the
burner to the stagnation plate. The combined axial convective velocity and thermophoretic
velocity were used to perform the conversion as per Abid et al. [4].

2.1 Gas-phase chemistry

The ABF mechanism [6] as supplied with the Chemkin-Pro installation package [1] was
used to describe the gas-phase chemistry. The reaction mechanism is an extension of
the model described in Wang and Frenklach [69] and includes combustion chemistry and
the formation and growth pathways of polycyclic aromatic hydrocarbons (PAHs) up to
pyrene [69] and additional PAH growth reactions added by Appel et al. [6].
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2.2 Governing equations and boundary conditions

The complete set of governing equations and boundary conditions are stated for the BSSF
shown in Fig. 1. The motivation for this is that there are certain inconsistencies in the
formulation of the moment transport equation where the variation in density in the dif-
fusion term is neglected [1, 70]. Furthermore, the moment boundary conditions are not
well-documented.

Stagnation plate/sample probe (Ts)

Burner (Tb)

Hp

z

r

u

vr

Figure 1: Illustration of the coordinate system and the flow field in the burner-stabilised
stagnation flame configuration. T is the temperature, Hp is the burner-
stagnation plate separation, and u and νr are the axial and radial velocities
in the z and r directions, respectively.

By assuming that the radial velocity varies linearly in the radial direction, the governing
equations for the 2D axisymmetric flow field may be reduced to a set of 1D equations
given below [27, 47, 63]:

Continuity equation

dF
dz
−G = 0, (1)

with

F =
ρu
2
, G =−ρνr

r
, (2)

where ρ is the density, and u and νr are the axial and radial velocities in the z and r
directions, respectively.

Radial momentum equation

Λ−2
d
dz

(
FG
ρ

)
+

3G2

ρ
+

d
dz

[
µ

d
dz

(
G
ρ

)]
= 0, (3)

where µ is the dynamic viscosity.
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Radial pressure gradient eigenvalue, Λ

Λ− 1
r

∂p
∂ r

= 0, (4)

where p is the pressure.

Species equation

2F
dYk

dz
+

d
dz
(ρYkVk)− ω̇kWk = 0, k = 1, . . . ,N, (5)

where the multicomponent diffusion velocity of the k-th gas-phase species is:

Vk =
1

XkW̄

N

∑
j6=k

WjDk,j
dXj

dz
− DT,k

ρYk

1
T

dT
dz

. (6)

Yk is the mass fraction, Xk is the mole fraction, ω̇k is the molar chemical rate of production
per unit volume, Wk is the molecular weight, and Dk,j and DT,k are the molecular and
thermal diffusion coefficients of the k-th gas-phase species. W̄ is the mean molecular
weight of the mixture and N is the number of gas-phase species.

Energy equation

2F
dT
dz
− 1

cp

d
dz

(
λ

dT
dz

)
+

ρ

cp

N

∑
k=1

cp,kYkVk
dT
dz

+
1
cp

N

∑
k=1

hkω̇k +
1
cp

Q̇rad = 0, (7)

where T is the temperature, cp is the specific heat capacity at constant pressure of the
mixture, cp,k is the specific heat capacity at constant pressure of the k-th gas-phase species,
λ is the thermal conductivity and h is the molar enthalpy.

Heat loss due to gas and particle radiation in the optically-thin limit is [60]:

Q̇rad = 4σ(T4−T4
amb)

(
N

∑
k

p(Xkak)+κparticle

)
, (8)

where σ is the Stefan-Boltzmann constant, Tamb is the ambient temperature taken to be the
average of the burner and stagnation plate temperatures [4], and ak and κ are the Planck
mean absorption coefficients of the k-th gas-phase species and soot particle, respectively.
Details of the gas radiation model may be found in ref. [4]. The Planck mean absorption
coefficient of the particle may be expressed as [42]:

κparticle = 3.83fvC0T/C2, C0 =
36πnk

(n2− k2 +2)2 +4n2k2 , (9)
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where fv is the soot volume fraction. C0 = 4.8922 (dimensionless) is a constant depending
on the complex refractive index of soot, where n = 1.57 and k = 0.56 are the refractive and
absorptive indices, respectively [64]. C2 = 1.4388 cm K is the second Planck function
constant.

Moment transport equation

2F
∂

∂ z

(
Mr

ρ

)
− ∂

∂ z

[
ρDp,1

∂

∂ z

(
Mr−2/3

ρ

)]
+

∂νTMr

∂ z
− Ṁr = 0, r = 0, . . . ,∞, (10)

where the moments of the size distribution of particles are defined as [19]:

Mr =
∞

∑
i=1

irNi, r = 0, . . . ,∞. (11)

The Ṁr term in Eq. 10 is the moment source term as contributed by inception, coagulation,
surface growth, oxidation and condensation [18, 19, 21]. Inception is assumed to occur
by the dimerisation of two pyrene molecules producing a new particle that contains 32
carbon atoms. Particles are subjected to a size-dependent collision rate [18] and undergo
surface growth reactions described by the HACA mechanism [20] and oxidation by O2

and OH [21]. Pyrene was assumed to be the only condensation species.

The diffusion coefficient of a particle of size 1 is [23]:

Dp,1 =
3

2ρ

(
1+

παT

8

)−1
(

W̄kBT
2πNA

)1/2 1
d2

1
, (12)

where αT is the thermal accommodation factor which represents the equilibrium fraction
of gas molecules that leave the particle surface and is usually near 0.9 [23]. kB is the
Boltzmann constant, NA is the Avogadro constant and d is the diameter.

The thermophoretic velocity may be expressed as [67]:

νT =−3
4

(
1+

παT

8

)−1 µ

ρT
dT
dz

. (13)

A generalised theory for the transport of nano-sized particles was advanced by Li and Wang
[31–33] where the transition from diffuse to specular scattering and van der Waals gas-
particle interaction were accounted for. The influence of the improved diffusion and ther-
mophoretic terms is to be investigated in future.

Boundary conditions

z = 0 : F =
ρbub

2
, G = 0, T = Tb, ρYkVk = ρub(Yk,b−Yk), (14)

Mr = 0, (15)
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where the value of F at the burner is based on the density and velocity of the feed. G
is zero because the radial velocity at the burner is assumed to be 0. Tb is the burner
temperature and the species specification allows diffusion back into the burner.

z = Hp : F = 0, G = 0, T = Ts, ρYkVk = 0, (16)
∂νTMr

∂ z
− ∂

∂ z

[
ρDp,1

∂

∂ z

(
Mr−2/3

ρ

)]
= 0, (17)

where Hp is the burner-stagnation plate separation, Ts is the plate temperature, and the
boundary conditions for F, G and Y follow from a non-slip condition assumed at the
plate.

Overall problem

The overall problem may be stated as seeking the solution to f(φ) = 0 where f(φ) is a
residual function formed by the left-hand sides of Eqs. 1, 3, 4, 5, 7 and 10, subject to the
boundary conditions in Eqs. 14 to 17. The dependent variable vector is:

φ = (F,G,Λ,Yk,T,Mr).

It may be noted that Oppdif implements modified versions of Eqs. 10, 15 and 17 to solve
for the natural logarithm of the moments because the values of the different moments
may vary by several orders of magnitude. The moment boundary condition at the plate
(Eq. 17) was found to be well-approximated by a zero-gradient as there was no significant
difference in the steady-state solution. It also resulted in a significant improvement in the
convergence of the solution.

2.3 Detailed population balance model

A detailed population balance model [11] was used to model soot formation by postpro-
cessing the Oppdif simulations of the BSSF. The growth of PAH species within the model
is described by a kinetic Monte-Carlo-aromatic site (KMC-ARS) model [49], starting
from pyrene. The dynamics of the soot particle population is described by the Smolu-
chowski equation [23, 24, 57] with additional terms for particle inception, surface growth,
oxidation, condensation and sintering. A detailed description of the particle model [11,
49, 54] and the stochastic numerical method used to simulate the population dynamics
[8, 46] may be found elsewhere. A brief description of the most important aspects of the
particle model is given below.

In the model, soot particles are represented as aggregates composed of primary particles,
where each primary particle is composed of a number of PAHs [54]. A PAH is represented
by the number of carbon and hydrogen atoms it contains, and the number and types of ele-
mentary sites on its edge [49]. These elementary sites include free-edge, zig-zag, armchair
and bay sites [9, 17]. This representation allows the exact structure and fringe length (de-
fined as the largest carbon-carbon pair distance) of each individual PAH to be resolved. A
primary particle is represented as a set of two or more PAHs. An aggregate is represented
as a set of two or more primary particles. Each aggregate stores a list of neighbouring
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primary particles and resolves the shared surface area between each pair of neighbours,
where each pair of neighbours can be in point contact, can be fully coalesced or can be
anywhere in between [54]. The level of coalescence is described by a sintering level [53].
A sintering level of 0 corresponds to point contact and a sintering level of 1 corresponds
to complete coalescence.

There are five different particle processes in the model:

Inception A primary particle is formed when two PAH molecules stick following a colli-
sion. The sticking probability of these two PAHs is determined by a simple collision
efficiency model [11]. If the sum of the masses of the collision partners exceeds a
given threshold, then they will stick. This implies a unity sticking probability.

Coagulation An aggregate is formed when two (primary or aggregate) particles stick
following a collision. The rate of collision is determined by a transition regime
coagulation kernel [46] which is dependent on the mass and collision diameter of
each collision partner. After a coagulation event, two primary particles (one from
each collision partner) are assumed to be in point contact. These primaries may
undergo subsequent particle rounding due to mass addition [54] via surface growth
and condensation, and due to sintering [53].

Surface growth PAHs in a primary particle may grow via surface reactions with gas-
phase species. The rate of surface growth is a function of the structure of the PAH
and is described by the KMC-ARS model. Two parameters are introduced to dif-
ferentiate the rate of growth of PAHs in a primary particle versus those in the gas
phase. The growth factor g ∈ [0,1] [54] is a multiplier that is applied to the growth
rate of PAHs within primary particles where the number of PAHs exceeds a critical
number of PAHs, ncrit. It is intended to account for the possibility that PAHs in large
primary particles grow more slowly than PAHs in the gas-phase.

Surface growth increases the mass of a PAH, which results in an increase in the
sphericity of the primary particle containing the PAH and any neighbouring primary
particles [54]. This particle rounding takes the form of an increase in the shared
surface area between the affected primary particles. The rate of particle rounding
is parameterised by a smoothing factor s ∈ [0,2] [54] that relates the change of the
shared surface area to the change of the volume of a primary particle. A smooth-
ing factor of 0 implies instantaneous coalescence, whereas a smoothing factor of 2
corresponds to no rounding.

Condensation PAHs in a primary particle may grow via condensation of a gas-phase
PAH, following a collision between the PAH and a primary or aggregate particle.
The rate of collision is calculated as per coagulation, except that one of the collision
partners is a molecule. Rounding by mass addition occurs via the same mechanism
as described for the surface growth process above.

Sintering Neighbouring primary particles may undergo particle rounding via a sintering
process. The rate of sintering between each pair of neighbouring primary particles
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pi and pj is given [53]:

dCi,j

dt
=− 1

τs
(Ci,j−Si,j), (18)

where Ci,j is the shared surface area of primary particles pi and pj, and Si,j is the sur-
face area of a sphere with the same volume as primaries pi and pj. The characteristic
sintering time is given [65]:

τs = Adi,j exp
[

E
T

(
1− dcrit

di,j

)]
, (19)

where A is the pre-exponential factor, di,j is the minimum diameter of two neigh-
bouring primary particles, E is the activation energy and dcrit is the critical diameter
for sintering. For di, j < dcrit, sintering is assumed to be instantaneous.

The sintering level ci,j determines how far primary particles pi and pj have sintered:

ci,j =

Si,j

Ci,j
−2−1/3

1−2−1/3 , (20)

where a value of 1 implies that the primary particles are in point contact, while a
value of 0 means that the primary particles are fully sintered.

There are many parameters in the model, but the key parameters investigated in this work
are shown in Table 1. Ranges within which these parameters are expected to vary and the
initial values chosen for the base case simulations are shown. A threshold of 32 carbons
in the collision efficiency model means that pyrene molecules or larger are assumed to
stick upon collision. The five parameters ρ , s, g, E and dcrit were optimised by Chen et al.
[11] in a two-step process against the experimental PSDs for a set of laminar premixed
ethylene flames [25].

Table 1: Model parameters in detailed population balance model.

Parameter (units) Range Value
1) Collision efficiency model:

- Threshold (number of carbons) ≥ 12 32
2) Soot density, ρ (gcm−3) 1≤ ρ ≤ 2 1.4
3) Smoothing factor, s (-) 0≤ s≤ 2 1.69
4) Growth factor, g (-) 0≤ g≤ 1 0.0263
5) Critical number of PAHs in a primary particle ≥ 2 50

before the growth factor is applied, ncrit (-)
6) Sintering model:

- A (sm−1) N/A 1.1×10−14

- E (K) 1.8×104 ≤ E ≤ 1.8×105 9.61×104

- dcrit (nm) 1≤ dcrit ≤ 5 1.58
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3 Results and discussion

3.1 Temperature and species profiles

The centerline temperature for the stagnation flame in Fig. 2 was measured using a coated
thermocouple [4] as a function of height above burner surface, H for six burner-stagnation
plate separations, Hp = 0.55, 0.6, 0.7, 0.8, 1.0 and 1.2 cm. The top panel of Fig. 2 shows a
comparison of the experimental and computed temperature profile for the largest burner-
stagnation plate separation, Hp = 1.2 cm. The results are similar for the other separations.
The size of the experimental error bars is due to the uncertainty (50 – 100 %) in the
emissivity of the thermocouple coating [4]. Also shown in Fig. 2 (bottom panel) is a
comparison of the maximum flame temperature for a range of separations. The maximum
flame temperature increases with increasing separation due to the reduced conductive heat
transfer to the stagnation plate as the burner to stagnation surface separation increases.
Clearly the temperatures computed using the ABF model (solid lines) in the flame and
postflame regions are as much as 150 K lower than the experimental value; and in the
preheat zone the rise of the experimental temperature is slower than the computed results.

Previously, the same flame was simulated using USC Mech II [72]. The results show close
agreement between the experimental and simulated temperature profiles for all Hp values.
These simulations are repeated here with results also shown in Fig. 2. The inability of
the ABF model to reproduce the temperature was puzzling initially, but it became clear
to us that the flame chemistry part of the model over-predicts the laminar flame speed
over the entire range of equivalence ratio, by as much as 30 cm/s (or over 100%) at the
equivalence ratio of 1.8. The significantly larger flame speed leads to a faster rise in
the temperature in the preheat zone and a greater heat loss to the burner. The result is
a significantly reduced maximum flame temperature as seen in Fig. 2. The discrepancy
of the experimental and simulated temperature is discerning, especially considering that
the rate of soot formation is expected to be dependent on the temperature. As will be
discussed later, we have carried out simulations both by solving the energy equation and
by imposing the experimental temperature on the OPPDIF calculations. The difference in
results will be discussed in detail.
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Figure 2: Top panel: Comparison of experimental (symbols) and computed (solid line:
ABF model; dashed-dotted-dashed line: USC Mech II) centerline tempera-
ture profiles for a burner-stagnation plate separation of 1.2 cm. Bottom panel:
Comparison of experimental (symbols) and computed (solid line through sym-
bols: ABF model; dashed-dotted-dashed line through symbols: USC Mech II)
maximum flame temperatures at several burner-stagnation plate separations.
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Over almost the entire range of spatial distance of the post-flame region, the concentra-
tions of the major species are nearly constant, as shown in Fig. 3 for Hp = 1.2 cm as
an example, except for H2, which drops notably towards the stagnation surface. This is
caused by the Soret effect: the sharp temperature gradient near the surface draws in heav-
ier species. By continuity, the light species, e.g., H2, must have a reduced concentration
to compensate for the enrichment of the heavy species, as evidenced by the slight upward
bending of the CO2 mole fraction curve towards the stagnation surface. Figure 3 also
shows major species profiles computed by imposing the experimental temperature profile
without solving the energy equation. Overall, the temperature discrepancy causes small,
but notable changes in the major species profiles.
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Figure 3: Typical main species profiles computed for a burner-stagnation plate separa-
tion of 1.2 cm. Solid line: ABF model with energy equation solved; dashed-
dotted-dashed lines: ABF model with experimental temperature profiles im-
posed.

Hydrogen atoms are critical to radical site generation in PAH molecules and soot sur-
faces [70]. Figure 4 shows the H atom, benzene and pyrene mole fraction profiles com-
puted for a range of burner-stagnation plate separations. All three profiles show that the
flames are very similar up to about 0.2 cm above the burner surface. The length of the
post-flame region increases with increasing burner-stagnation plate separation.

Zhao et al. [76] showed that in high temperature flames (Tf,max > 1850 K), computed ben-
zene profiles would initially rise, then fall in the post-flame region; whereas, in low tem-
perature flames (Tf,max < 1850 K), the benzene concentration would continue to rise in the
post-flame region. The rise-then-fall behaviour has been explained to be the competition
of PAH mass growth [69] and thermal decomposition [22]. We do not see the rise-then-fall
in the benzene profiles here because these are a set of low temperature flames. However,
we see a rise-then-fall in the profiles of pyrene because of its consumption from particle
inception and condensation on soot surfaces.

The discrepancy for the temperature prediction by the base model has a notable impact
on the H atom concentration and the prediction of precursors to soot. Figure 5 shows
a comparison of the computed H atom and pyrene profiles where the energy equation
was solved and where the experimental temperature profile was imposed at Hp = 1.2 cm.
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Figure 4: Hydrogen atom, benzene and pyrene mole fraction profiles computed using the
ABF model by solving the energy and other conservation equations for several
burner-stagnation plate separations, which are indicated by the value of H at
the end of each curve.

The higher temperatures imposed increases the H atom and peak pyrene concentration;
however, it lowers the pyrene concentration in the post-flame region, for reasons to be
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discussed later.
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Figure 5: Comparison of computed hydrogen atom (top panel) and pyrene (bottom panel)
profiles where the energy equation was solved using the ABF model (with gas
and particle radiation correction) and where the experimental temperature pro-
file was imposed, both for a burner-stagnation plate separation of 1.2 cm.
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3.2 Particle size distributions

PSDs were determined by mobility diameter measurements and later compared with the
particle sizes determined by HIM [55, 56]. The inability to fully reconcile the PSDs
highlights the need to model the mobility diameter which may aid in the interpretation of
the mobility measurements. While it is assumed that the mobility diameter is equal to the
collision diameter the question remains as how the collision diameter should be defined.
Our model’s ability to distinguish between PAHs, primary particles and aggregates allows
us to apply varying definitions of the collision diameter depending on the different “types”
of particles.

PAHs and Primary particles

The collision diameter is assumed here as:

dc = max

((
6V
π

)1/3

,

(
2nc

3

)1/2
)
, (21)

where the first term in the parenthesis corresponds to the equivalent spherical diameter
while the second term corresponds to Frenklach’s geometric relationship for the most
condensed PAH series [21]. V is the “volume” of the PAH (or PAHs in the case of primary
particles) calculated from the total mass of carbon and hydrogen atoms, and the density
of soot material. nc corresponds to the number of carbon atoms in a PAH. In light of the
unknown mass density of the soot material when the particles are merely clusters of a
few PAHs and the known non-sphericity of the primary particles, we expect Eq. 21 to be
over-simplified - an issue to be discussed later.

Aggregates

The collision diameter follows the form of Kruis et al. [29]:

dc = dpn1/Df
p =

6V
A

(
A3

36πV2

)1/Df

=
6

(36π)1/Df

V1−2Df

A3/Df−1 , (22)

where dp is the average primary particle diameter, np is the average number of primary
particles in the aggregate, and Df is the fractal dimension of soot particles (= 1.8). Note
that in the case of surface-volume models [7] which assume monodisperse, spherical pri-
mary particles in point contact, dp and np represent the real primary particle diameter and
number, respectively.

A is the surface area of the aggregate:

A =
Asph

cavg(1−n−1/3)+n−1/3 , (23)

where Asph is the equivalent spherical surface area, cavg is the average sintering level of
the particle, and n is the number of primary particles. cavg is calculated as the summation
of all pairwise sintering levels in the particle (Eq. 20) and averaged across the number of
primary particle connectivities (or n− 1). Equation 23 interpolates between the surface
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area of a spherical particle (cavg = 1) and the surface area of a particle where the primary
particles are in point contact (cavg = 0).

The predicted PSDs are found to be in qualitative agreement with the experimental data.
In particular, the base case calculation yields the bimodal distribution as observed exper-
imentally. Quantitatively, however, the PSDs differ notably. There are three key aspects
in the disagreement, as shown in Figure 6. First, the base case simulation yields onset of
particle nucleation earlier than the experimental counterpart. For Hp = 0.55 cm, the exper-
iment shows the first burst of small particles entering into the lower cutoff size of 2.5 nm,
but computationally the model predicts substantially larger particles. Despite the earlier
nucleation, however, the model predicts a smaller size growth rate. For example, at Hp =
1.2 cm, the model underpredicts the mean diameter of the large-size mode of particles by
as much as a factor of 2. Lastly, the trough separating the two size modes was predicted to
be deeper and smaller than the experiment. A similar finding with a different modelling
approach has been reported previously [34].

The discrepancy observed above is not entirely the consequence of temperature. As shown
in Fig. 6, imposing the experimental temperature profile leads to an increase in the particle
size as compared to the base case simulation. The increase in the predicted particle size
is caused, to an extent, by the increased peak pyrene concentration, as seen in Fig. 5.
Likewise, the larger soot surface area also leads to greater rates of pyrene consumption and
a lowered pyrene consumption in the post flame. Overall, neither the base case simulation
nor the run with imposed temperature reproduces the PSD data well. In what follows,
we shall carry out sensitivity analysis on the various model parameters to understand the
plausible cause for the discrepancy.

3.3 Parametric sensitivity study

Key features of a bimodal PSD are identified for the purpose of making quantitative com-
parisons between the experimental and computed PSDs. Figure 7 shows these features:
(a) a mode at small diameters (the inception peak) which represents incipient particles,
(b) a mode at larger diameters (the coagulation peak) which represents particles that have
grown by coagulation and surface growth, (c) a trough between these two modes and (d)
the “largest” particle. Each feature has an associated number density and particle diame-
ter Dp. Following the approach of Singh et al. [62], the diameter of the “largest” particle
is defined to be the greatest diameter for which dN/dlog(Dp) = 0.01Ntotal, where Ntotal is
the total number density. Ntotal is based on particle diameters Dp > 2.5 nm as the particle
detection limit of the SMPS is 2.5 nm [4].

Key model parameters considered for sensitivity analysis are (a) the minimum particle
inception size, (b) the particle-particle coagulation rate and (c) the pyrene concentration.
The computation is carried out for Hp = 1.2 cm. Figure 8 shows the results of varying:
(a) the minimum particle inception size, (b) the coagulation rate and (c) the pyrene con-
centration at Hp = 1.2 cm. To eliminate the uncertainty associated with the temperature
prediction, the experimental temperature profile was imposed. The computed PSDs were
generally insensitive to the other parameters in Table 1. Similar results were found for
all other burner-stagnation plate separations (Hp = 0.55, 0.6, 0.7, 0.8 and 1.0 cm). The
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minimum particle inception size was varied from 32 carbons (base case) to 1024 carbons,
and a constant multiplicative factor of 2, 4 and 8 was applied to the coagulation kernel to
assess the effect of changing the coagulation rate. In either case, there is no systematic
shift in the position of the trough, as shown in Fig. 8; however, there is an overall shift
in the position of the coagulation peak to larger diameters. Increasing the minimum par-
ticle inception size increases the average size of PAHs in a particle. On the other hand,
increasing the coagulation rate increases the number of coagulation events and therefore
the number of PAHs in a particle. Both effects lead to an increase in particle diameter. A
constant pyrene profile, i.e., the pyrene concentration does not change with height above
burner, was imposed to understand the effect of precursor concentration on the various
PSD features. Increasing the pyrene concentration leads to a systematic shift in both the
position of the trough and the position of the coagulation peak to larger diameters, leading
to a better agreement between the experimental and computed PSDs. Hence, it appears
that the trough position is related to the precursor concentration or nucleation strength.
The result here highlights the importance of precursor concentration in predicting the
qualitative PSD features.

3.4 Soot morphology

Figure 9 shows various aspects of the soot morphology calculated from the detailed pop-
ulation balance model: (a) the evolution of the structure and fringe length of a repre-
sentative PAH along the flame (top panel) and (b) computed fringe length distributions,
sintering level distributions and computed, quasi-TEM images (bottom panel) in the post-
flame region. The fringe length distribution corresponds to an aggregate which contains
the largest (the number of carbon atoms) PAH at that point in the flame. The sintering
level was calculated as an average for each aggregate in the particle ensemble and a dis-
tribution of these values are shown. In the TEM images, aggregates are represented as
spheres in point contact.

Point D is a high temperature region just behind the flame front. The sintering level distri-
bution and quasi-TEM image show that inception is dominant and almost all the particles
in the ensemble are spherical. Point E is at a lower temperature near the stagnation plate.
Incipient particles grow by coagulation and surface growth forming partially sintered ag-
gregates. The sintering level distribution shows a peak at 1.0 corresponding to spherical
particles, indicating that inception continues well into the post-flame region. Fringe length
distributions show a peak at about 1 nm, with lengths ranging from 1–6 nm. The largest
fringe length in either distribution corresponds to a PAH which starts growing from just
above the burner surface. Fringe lengths at point E are on average larger than at point
D because the residence time between these two points is relatively long. The computed
fringe length distributions compare favourably with experimental observations made for
a range of fuels [66].

If indeed the soot particles were spherical, no benefit would be gained from tracking
the aggregate structure of the particles. However, HIM of nascent soot particles for a
number of premixed ethylene BSSF show that these particles are neither spherical nor
chain-like [55, 56]. By imposing two different combinations of model parameters which
result in two distinct soot morphologies this may help us to better interpret the mobility
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diameter. First of all, based on the parameters in Table 1, the model allows for the for-
mation of polydisperse, sintered primary particles which is shown as the dashed-dotted-
dashed line in Fig. 10. An infinitely fast sintering rate (large dcrit) and the instantaneous
rounding of primary particles (s = 0) results in spherical particles. This model represents
an oversimplification and results in an underprediction of the diameter associated with
the coagulation peak (as indicated by the circles). Extending the basic spherical particle
model to a surface-volume model by neglecting the sintering process and not accounting
for the rounding of primary particles (s = 2) results in an overprediction of the diameter.
Unsurprising, there is little to no change in the position of the inception peak. It repre-
sents incipient particles which are spherical and all particle models effectively reduce to
the spherical particle model. Menz and Kraft [40] demonstrated that under certain condi-
tions, albeit in silica and silicon systems, all three models were equivalent to a spherical
particle model. However, outside of this range, the spherical and surface-volume particle
models were shown to incur substantial errors. In summary, this case study demonstrates
that the prediction of the PSDs of an ensemble of polydisperse particles is dependent
on the choice of the particle model. Where coagulation and sintering are significant the
system is poorly described by spherical or surface-volume models.
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Figure 6: Comparison of computed PSDs where the energy equation was solved (solid
line) and where the experimental temperature profile was imposed (dashed-
dotted-dashed line) at several burner-stagnation plate separations. Symbols
are experimental data. Different symbols are used for different repeat experi-
ments.
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Figure 8: Sensitivity of computed (lines) PSDs to the minimum particle inception size
(top panel), the coagulation rate (middle panel) and the pyrene concentration
(bottom panel) for a burner-stagnation plate separation of 1.2 cm where the
experimental temperature profile was imposed. Left column: Symbols are ex-
perimental data. Different symbols are used for different repeat experiments.
Right column: Sensitivity of the position of the trough between the modes of
the bimodal PSD (circles) and the position of the coagulation peak (triangles).
The vertical lines correspond to the experimental values for the trough (point c
of Figure 7) and coagulation peak (point b of Figure 7).
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4 Implication on Mobility Sizing Experiments

Simulations carried out here cast some doubts about the accuracy of experimental data
of Flame C3 [4]. Clearly, the exhaustive sensitivity analyses show that within the frame-
work of the current model it would be difficult to reconcile the detailed features of the
measured PSDs across all burner-probe separations and within a PSD from small to large
particle sizes. There are several experimental issues that will require further scrutiny.
First, the drastically different PSDFs for small burner-probe separations (see, Fig. 6) re-
quire the experiments to be revisited and repeated, especially to make sure that there is no
facility/burner-dependent issues involved in the original measurement. The discrepancy
in the trough position can be a problem of mobility data interpretation. For small particle
sizes, the diffusional loss in the differential mobility size and its manufacturer-defined
correction can be a source of problem. Interpretation of the mobility size for ultra small
particles and diffusional broadening of these particles can result in the shallow trough
observed as compared to the computed results. Repeated measurements across several fa-
cilities and burner setups will be required to shed light on the problems discussed herein.

5 Conclusions

In this paper we have presented a modelling study of soot formation for a laminar pre-
mixed ethylene BSSF. A detailed population balance model was used to perform a para-
metric sensitivity study to understand the influence of the most important parameters on
key features of the computed PSDs. We provided insight into soot formation through the
analysis of computed sintering level distributions, fringe length distributions and TEM
images.

The computed flame structure captured the trends in the experimental data, with temper-
atures reaching a maximum just above the burner surface. The computed minor species
profiles were remarkably similar up to about 0.2 cm above the burner surface. The length
of the post-flame region increases with increasing burner-stagnation plate separation.

We have illustrated a dependence of soot morphology upon flame conditions in the post-
flame region. The computed particles are initially spherical, evolving to partially sintered
aggregates. Computed fringe length distributions compare favourably with experimental
distributions reported in the literature, with lengths ranging from 1–6 nm.

The base case simulations resulted in PSDs which overpredicted particle diameters at
smaller separations and underpredicted particle diameters at larger separations. A para-
metric sensitivity study was performed to understand the cause of the discrepancies be-
tween the experimental and computed PSDs. The computed PSDs were found to be most
sensitive to the minimum particle inception size, the coagulation rate and the inception
species concentration. The PSDs were generally insensitive to the other parameters in
the population balance model. Changes in the particle inception size and the coagula-
tion rate led to an overall shift in the position of the coagulation peak. Only changes in
the inception species concentration led to a systematic shift in both the position of the
trough between the modes of the bimodal PSD and the coagulation peak at larger diam-
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eters. Given the overall model, varying the inception species concentration with each
burner-stagnation plate separation was the only means possible of achieving a satisfac-
tory agreement between the experimental and computed PSDs and soot volume fractions.
The fact that the experimental PSDs cannot be reconciled by the model within its current
frame work suggests (i) the experiment will have to be reproduced, and/or (ii) a better un-
derstanding of the nucleation process, including the PAH precursor chemistry, is required
before further progress can be made.
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Nomenclature

Greek
αT Thermal accommodation factor (-), see Eq. (12)
κ Planck mean absorption coefficient of a soot particle (m−1), see Eq. (8)
Λ Radial pressure gradient eigenvalue (kgm−3 s−2), see Eq. (3)
λ Thermal conductivity (kgms−3 K−1), see Eq. (7)
µ Dynamic viscosity (kgm−1 s−1), see Eq. (3)
νr Radial velocity (ms−1), see Eq. (2)
νT Thermophoretic velocity (ms−1), see Eq. (13)
ω̇ Molar chemical rate of production per unit volume (molm−3 s−1), see Eq. (5)
φ Dependent variable vector
ρ Density (kgm−3), see Eq. (2)
σ Stefan-Boltzmann constant (kgs−3 K−4), see Eq. (8)
τs Sintering time (s), see Eq. (19)
Mathematical notations
x̄ Mean (-), see Eq. (6)
ẋ Time derivative, see Eq. (10)
Lower-case Roman
a Planck mean absorption coefficient of a gas-phase species (s2 kg−1), see Eq. (8)
c Sintering level (-)
cp Specific heat capacity at constant pressure (m2 s−2 K−1), see Eq. (7)
d Diameter (m), see Eq. (12)
fv Soot volume fraction (-), see Eq. (9)
g Growth factor (-)
h Molar enthalpy (kgm2 s−2 mol−1), see Eq. (7)
i Particle of size i (-), see Eq. (11)
k Absorptive index (-), see Eq. (9)
kB Boltzmann constant (kgm2 s−2 K−1), see Eq. (12)
n Number of primary particles (-), see Eq. (22)
n Refractive index (-), see Eq. (9)
ncrit Critical number of PAHs in a primary particle before the growth factor is

applied (-)
nc Number of carbon atoms, see Eq. (21)
p Pressure (kgm−1 s−2), see Eq. (4)
p Primary particle (-)
r Radial distance (m), see Eq. (4)
s Smoothing factor (-)
u Axial velocity (ms−1), see Eq. (2)
z Axial distance (m), see Eq. (1)
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Subscripts
1 Particle of size 1, see Eq. (10)
amb Ambient, see Eq. (8)
b Burner, see Eq. (14)
crit Critical, see Eq. (19)
c Collision, see Eq. (21)
k Species index, see Eq. (5)
p Particle, see Eq. (10)
p Primary, see Eq. (22)
r Moment order, see Eq. (11)
s Stagnation, see Eq. (16)
Upper-case Roman
A Area (m2), see Eq. (22)
A Pre-exponential factor (sm−1), see Eq. (19)
C Shared surface area between two neighbouring primary particles (m2), see Eq. (18)
C0 Constant (-), see Eq. (9)
C2 Second Planck function constant (mK), see Eq. (9)
Dp Particle diameter (m)
Dp Particle diffusion coefficient (m2 s−1), see Eq. (12)
Df Fractal dimension (-), see Eq. (22)
Dk,j Multicomponent diffusion coefficient of the k-th species in species j (m2 s−1), see

Eq. (6)
DT,k Thermal diffusion coefficient of the k-th species (kgm−1 s−1), see Eq. (6)
E Activation energy (K), see Eq. (19)
F Factor related to axial velocity (kgm−2 s−1), see Eq. (1)
G Factor related to radial velocity (kgm−3 s−1), see Eq. (1)
Hp Burner-stagnation plate separation (m), see Eq. (16)
H Height above burner surface (m)
M Moments of the size distribution of soot particles (m−3 s−1), see Eq. (11)
N Number density (m−3), see Eq. (11)
N Number of species (-), see Eq. (5)
NA Avogadro constant (mol−1), see Eq. (12)
Q̇rad Heat loss due to gas and particle radiation per unit volume (kgm−1 s−3), see Eq. (7)
S Surface area of a sphere (m2), see Eq. (18)
T Temperature (K), see Eq. (7)
V Diffusion velocity (ms−1), see Eq. (5)
V Volume (m3), see Eq. (21)
W Molecular weight (kgmol−1), see Eq. (5)
X Mole fraction (-), see Eq. (6)
Y Mass fraction (-), see Eq. (5)
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