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Abstract
This work presents a novel multivariate particle model to simulate the synthesis
of silicon nanoparticles across a wide range of process conditions. The gas-phase
mechanism of Ho et al. (1994, J. Phys. Chem. 98, 10138–10147) is simultaneously
solved with a stochastic population balance incorporated a detailed multidimensional
particle model. A systematic parameter estimation procedure is used to adjust gasphase and heterogeneous pre-exponential factors to obtain fits with experimental results. The model is tested against a six different experimental configurations, with
excellent fit observed for the majority of cases. It was found that primary particles
were too large under conditions of finite-rate sintering, leading to the recommendation that the model could be made more robust by development of accurate sintering
kinetics for silicon nanoparticles.
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1

Introduction

Silicon nanoparticles were traditionally considered as an unwanted contaminant formed
as a by-product of semiconductor manufacture [15, 47] during the thermal decomposition
of silane (SiH4 ). Today, they have a variety potential applications as a new material, particularly when made to a specific size and shape [2, 23, 35, 45]. As particle properties are
primarily controlled by the complex decomposition mechanism of silane, it is necessary
to understand the processes involved in this mechanism in order to make particles of a
given diameter and morphology.
It is generally accepted that thermal decomposition of silane occurs through collision and
activation of the silane molecule [25, 60, 61, 71, 74]. It then breaks-down and recombines
into other silanes, silenes (doubly-bound silicon hydrides, e.g. SiH2 SiH2 , suffixed ‘A’) and
silylenes (radical species, e.g. SiH3 SiH, suffixed ‘B’), gradually increasing in size until it
is treated as a particle or deposited on a surface.
This ‘clustering’ mechanism of gas-phase silicon hydrides has been investigated in a number of ways. For example, the decomposition of monosilane (and higher silanes) has been
analysed using shock tubes [32, 74], rotating-disk reactors, [25] plasma discharge [72]
and gas chromatography [3, 61]. Accompanying these studies are the numerical models
of the decomposition process. Many models of varying degree of complexity have been
proposed, from the ‘simple’ three-step reaction of Purnell and Walsh [61]; to the popular
mechanism of Swihart and Girshick [71]; who proposed a mechanism containing 2615
reactions and 221 silicon hydride species, up to Si20 . Quantum chemical calculations and
automatic mechanism generation have also been used to further develop these mechanisms [1, 75]. An excellent review of the current understanding of the silane pyrolysis
mechanism and in particular, its pressure dependence, is given by Petersen and Crofton
[60].
The heterogeneous reaction of silicon hydrides at silicon surfaces has also been studied
in detail. Houf et al. [26] identified that silanes react with a silicon surface according to a
dissociation-absorption-hydrogen mechanism, assuming that silenes and silylenes collide
with surfaces with sticking coefficient of unity. Further, it was reported that the rate of
evolution of hydrogen from silicon hydride surfaces is proportional to the coverage of
hydrogen at the surface [26, 70]. These mechanisms were incorporated into the kinetic
mechanism of Ho et al. [25] in a detailed model of the chemical vapour deposition process
of silicon.
Like the gas-phase mechanism, silicon particle synthesis has been widely investigated.
Early studies focused on the process conditions required to observe the onset of nucleation
of particles; with a view to suppressing particle formation so as to yield higher-quality
semiconductors [15, 44]. Since then, several groups have used a variety of experimental
methodologies to study silicon particle synthesis.
Cannon et al. [6] used CO2 laser heating to analyse the decomposition of silane and subsequent formation of particles in inert gases. A series of papers [7, 16, 38, 39] expanded the
initial work to encompass the effect of process conditions upon particles, the properties
of silicon films deposited through laser-heating of silane.
The decomposition of silane is also sensitive to specific microwave frequencies. This was
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used in several studies to form photoluminescent silicon nanoparticles, or ‘quantum dots’
in a tubular microwave reactor [19, 23, 27]. It was reported that control of the microwave
power (and therefore the temperature profile) allowed for fine adjustment of the primary
particle size.
The Flagan group conducted impressively-detailed experimental studies into nucleation
of silicon in single- [46, 77, 78] and multi-stage [62, 76] tubular hot-wall reactors. In all
cases, different heating zones were used to tightly control the temperature profile of the
reacting gas. Depending on the reactor configuration and the imposed temperature profile;
particles of different size and morphology could be obtained. In typical reactor operation,
it was reported that coagulation and sintering would control particle growth unless care
was taken to reduce the number concentration of particles as produced by homogeneous
nucleation [46].
These process conditions were recently identified by Körmer et al. [30], who produced
narrowly-distributed silicon nanoparticles in a hot-wall tubular reactor with dilute silane
mixtures (∼ 4 %) at low pressures (2500 Pa) and high temperatures (900–1100 ◦ C ).
Population balance modelling was used to confirm that heterogeneous reaction of silicon hydrides at the particle surface was predominantly responsible for particle growth
[22, 31, 37].
There have been a number of other attempts to use population balance modelling to understand silicon nanoparticle formation. Nguyen and Flagan [46] used a fine-seed model to
investigate the effect of pressure and temperature upon particle structure. Kruis et al. [34]
employed homogeneous nucleation theory to elucidate the process conditions leading to
onset of nucleation. This was expanded upon by Nijhawan et al. [47], who coupled the
gas-phase mechanism of Swihart and Girshick [71] with a population balance model for
a spray reactor. The kinetic mechanism of Swihart and Girshick [71] was also used in in
a two-dimensional fully-coupled model incorporating the effect of fluid and particle dynamics [12, 13]; illustrating the relative importance of the various interconnected particle
processes involved in synthesis.
Much work has been undertaken on the chemical and physical properties of particles obtained from silane thermal decomposition. Onischuk et al. [51] used a flow reactor to
produce particles with specific hydrogen content and chemical bond structure. Subsequent works used kinetic and population balance modelling approaches to analyse kinetic
pathways through which particles were formed [52, 53, 55]. Aggregate particles were
studied in [54], in which particles synthesised at low temperatures under finite-rate sintering conditions. Note that the term aggregate is used here to describe chemically or
sinter-bonded particles, while agglomerates refer to physically bound particles [14].
Silane decomposition at above-atmospheric pressure was addressed theoretically and experimentally by Odden et al. [48], where it was reported that particle size was independent
of initial silane pressure. Additional mechanistic pathways (to the mechanism of Ho et al.
[25]) were also proposed to account for the observed reaction rates at these process conditions [49, 50].
The aerosol dynamics models described previously are typically ‘validated’ by comparison of theoretical predictions of particle size distributions (PSDs) against those obtained
experimentally. These are often obtained via direct transmission electron microscope
4

(TEM) imaging [30], or, in older work, though differential; mobility analysers and condensation nuclei counters [46, 77]. However, despite the wealth of information available
about experimental configurations, PSDs and mechanistic pathways, no effort has been
made to ‘unify’ the conclusions of these previous studies.
This work therefore aims to develop a new model with a detailed type-space to accurately
predict the size and morphology of silicon nanoparticles synthesised from the thermal
decomposition of silane across a range of different process conditions. A stochastic particle model coupled with a gas-phase ordinary differential equation solver is employed to
achieve this. This particular modelling approach has been used for a variety of other types
of nanoparticles such as soot [8, 10, 42, 56, 63, 64], silica [66–68] and titania [40, 41, 73].
The structure of this paper is as follows. The gas-phase and particle models are explained
in Section 2. The parameter estimation procedure required to obtain good model fits is
outlined in Section 3. The numerical results are discussed in Section 4.1, while the model
predictions are compared with experimental data in Section 4.2. The paper is concluded
by an evaluation of the model and discussion of further avenues for research.

2
2.1

Model development
Gas-phase kinetic model

Much study has been carried-out into the decomposition of silanes. For conditions of
practical interest, the rate of decomposition of silane can be written as the bimolecular
expression [60]:
SiH4 + M → SiH2 + H2 + M
(1)
where M is a third body. It is well-understood that silane decomposition proceeds through
a series of intermediate gas-phase species, such as silylene (SiH2 ) and higher silenes/silanes
(e.g. Si3 H8 ). Thus, silicon decomposition mechanisms are often presented with many subsequent reactions after the intial decomposition step. Such examples include the work of
Ho et al. [25] and Swihart and Girshick [71]. The presence of these appended ‘clustering’
reactions accelerates precursor decomposition [60].
This work adopts the mechanisms proposed by Ho et al. [25] to describe the chemical
kinetics involved in silane decomposition and is given in full in Table 1. Note that the
reactions for the species “Si” are omitted. Where appropriate, the low-pressure limit
parameters (according to a Lindemann form falloff reaction) or reverse parameters are
given. This mechanism was chosen in place of more recent [1, 60] or more detailed
[18, 20, 71] kinetics due to sound testing at atmospheric pressure [25], relative simplicity
and provision of pressure-dependent reactions.
The system of ordinary differential equations describing the reactions of Table 1 was
solved using in-house developed software Sprog for a zero-dimensional batch reactor
configuration. In order to gain better agreement with experimental data, pre-exponential
factors for five reactions were adjusted. The reasons for this are discussed in Section 3.

5

Table 1: Gas-phase mechanism employed. Parameters in bold have been adjusted from
their original referenced values (see §3). Pre-exponentials are given with units
in terms of cm, mol, s.
no. reaction
−
1 SiH4 (+M) *
)
− SiH2 + H2 (+M)
low-pressure parameters
−
2 Si2 H6 (+M) *
)
− SiH4 + SiH2 (+M)
low-pressure parameters
−
3 Si2 H6 (+M) *
)
− Si2 H4 B + H2 (+M)
low-pressure parameters
−
4 Si3 H8 (+M) *
)
− SiH2 + Si2 H6 (+M)
low-pressure parameters
−
5 Si3 H8 (+M) *
)
− Si2 H4 B + SiH4 (+M)
low-pressure parameters
−
6 Si2 H4 B (+M) *
)
− Si2 H4 A (+M)
low-pressure parameters
−
7 Si2 H4 B + H2 *
)
− SiH4 + SiH2
reverse parameters
−
8 Si2 H4 B + SiH4 *
)
− Si2 H6 + SiH2
reverse parameters

2.2
2.2.1

A
3.2 × 109
4.0 × 1012
1.8 × 1010
1.8 × 1035
9.1 × 109
7.8 × 1040
7.0 × 1012
8.4 × 1055
3.7 × 1012
4.4 × 1066
2.5 × 1013
1.1 × 1033
9.4 × 1013
9.4 × 1010
1.7 × 1014
5.2 × 1011

n, 1.7
0
1.7
-10.4
1.8
-7.8
1.0
-15.1
1.0
-17.3
0.2
-5.8
0
1.1
0.4
0.1

EA , kcal/mol
54.7
45.1
50.2
56.0
50.2
59.0
52.7
60.5
50.9
59.3
5.4
9.2
4.1
5.7
8.9
8.5

ref.
[25]
[60]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]
[25]

Particle model
Type-space

Each particle Pq is represented as:

Pq = Pq p1 , . . . , pnq , C

(2)

where particle Pq contains nq primary particles px . C is a lower-diagonal matrix representing the common surface area between two primary particles. Each primary particle is
described by the number of silicon atoms ηSi and hydrogen atoms ηH :
px = px (ηSi , ηH )
2.2.2

(3)

Derived properties

Using the above description of particles and primaries, a number of derived properties of
the silicon particles can be determined. The volume of a primary is based on the number
of units ηi and bulk densities ρi :
vx = ηSi

MSi
MH
+ ηH
ρSi NA
ρH NA
6

(4)

where Mi is the molecular weight of element i and NA is Avogadro’s number. The volume
of a particle V (Pq ) is therefore the sum of the volume of its constituent primaries. Other
derived properties are analogous to those used by Shekar et al. [67]. Of key importance is
the surface area:
Ssph (Pq )
S(Pq ) =
(5)
−1
−1
sq (1 − nq 3 ) + nq 3
where Ssph (Pq ) is the equivalent spherical surface of a sphere with the same volume as the
particle Pq , and sq is the average sintering level between the primaries of the particle. The
sintering level (0 ≤ s ≤ 1) of two primary particles px and py is given by [63]:
s(px , py ) =

Ssph (px ,py )
Cxy

1

− 2− 3
1

1 − 2− 3

.

(6)

This definition implies that a spherical particle has a sintering level of 1, while two primaries in point contact (with no sintering) have a sintering level of 0. Mean properties of
a particle are averaged over the number of primaries nq . For example, the average primary
diameter is given by:
1 nq
dpri q = ∑ dpri (px ).
(7)
nq x=1
The collision diameter of a particle is given by [67]:

dcol (Pq ) = dpri q

S(Pq )3
36 π V (Pq )2

 D1

f

(8)

where dpri is the primary particle diameter and Df is the fractal dimension. Here, Df is
assumed to have a value of 1.59; an average value from Rogak et al. [62] who studied the
fractal dimension of partially sintered silicon nanoparticles. This is additionally used to
estimate the mobility diameter of particles in the free-molecular regime:
q
fm
dmob = dpri q 0.802(nq − 1) + 1
(9)

2.3

Particle processes

Particles may be created and changed according to a number of processes.
Inception: Particles are created in the population balance according to a general inception reaction, where silylene can collide with a silene or another silylene to form
particles:
Sii H j B + Sik Hl X → Pq (ηSi = i + k, ηH = j + l, C)
(10)
where Pq (ηSi , ηH , C) is the (N(t) + 1)th particle, with ηSi silicon atoms and ηH hydrogen atoms and X is A (silene) or B (silylene). This inception mechanism is

7

consistent with that proposed by Giunta et al. [20]. The rate of inception is given
by:

 1 N2 C
tr
∗
Si H B CSik Hl X K (Sii H j B, Sik Hl X) dq ≥ d
Rincep = 2 A i j

0
dq < d ∗

(11)

where dq is the incepting diameter of the particle Pq resulting from collision of
species Sii H j B and Sik Hl , and d ∗ is the critical nucleus diameter, representing the
theshold above which gas-phase species may convert to particles. It is calculated
using the Kelvin equation [31, 34]:
d∗ =

4 γ v1
.
kB T ln(S)

(12)

v1 is the volume of silicon monomer and γ is the surface energy of silicon, given by
[31]:
γ = 1.152 − 1.574 × 10−4 T (K) N/m
(13)
S is the supersaturation of silicon, given by the ratio of silicon partial pressure to
saturation vapour pressure of silicon:
S=

pSi
pSi,sat

(14)

In the present work, the silicon partial pressure is approximated using the sum of
partial pressure of silylenes. The following correlation is used for the saturation
vapour pressure [21, 31]:
23399

pSi,sat = 107.5341− T (K) atm

(15)

When the incepting diameter dq exceeds the critical nucleus diameter, the rate of
inception is calculated using the transition regime coagulation kernel.
Surface reaction: This work adopts a version of the ‘dissociation-adsorption-hydrogen’
mechanism, originally proposed by Sinniah et al. [70]. Silanes (SiH4 , Si2 H6 , Si3 H8 )
react with the particle surface, releasing hydrogen. A primary px of particle Pq is
transformed as:
Pq (. . . , px (ηSi , ηH ), . . . , C) + Sii H2i+2 → Pq (. . . , px (ηSi + i, ηH + 2), . . . , C0 ) + iH2
(16)
where C0 is the new connectivity matrix resulting from the addition of surface area.
The change in connectivity matrix (C → C0 ) is presented by Shekar et al. [67]. The
rate of surface reaction is modelled as an Arrhenius process; and is also proportional
to the surface area of particle, Sq :


EA,SR
RSR = ASR,Sii H2i+2 Sq CSii H2i+2 exp −
(17)
RT
8

Table 2: Heterogeneous reaction processes included in the present work. Parameters
in bold have been adjusted from their original referenced values (see §3).
Surface reaction pre-exponentials have units cm/mol s, hydrogen release preexponentials in 1/s and condensation scaling factors are dimensionless.
reaction
SiH4 + px → px (ηSi + 1, ηH + 2) + H2
SiH2 + px → px (ηSi + 1, ηH + 2)
Si2 H6 + px → px (ηSi + 2, ηH + 2) + 2H2
Si2 H4 A + px → px (ηSi + 2, ηH + 4)
Si2 H4 B + px → px (ηSi + 2, ηH + 4)
Si3 H8 + px → px (ηSi + 3, ηH + 2) + 3H2
px → px (ηSi , ηH − 2) + H2

type
S.R.
cond
S.R.
cond.
cond.
S.R.
H2

A
3.0 × 1033
1.0
3.0 × 1034
1.0
1.0
3.0 × 1034
1.2 × 1019

EA , kcal/mol
37.5
37.5
37.5
47.0

ref.
[25]
[25]
[25]
[25]
[25]
[25]
[70]

where A and EA are the Arrhenius parameters for silane species Sii H2i+2 . The Arrhenius parameters are estimated in the fitting procedure employed in the present
work, explained in detail in Section 3. These reactions and parameters are given in
Table 2. The Arrhenius parameters for Si2 H6 and Si3 H8 were set to ten times that
of SiH4 , consistent with the observations of Buss et al. [5] and as done in previous
models [25, 47].
Condensation: Particles can grow by the deposition of silenes and silylenes on the particle surface. The state-space of the particle is modified according to
Pq (. . . , px (ηSi , ηH ), . . . , C) + Sii H j X → Pq (. . . , px (ηSi + i, ηH + j), . . . , C0 ) . (18)
This may be modelled as a collisional process, with rate given by:
s
2
π kB T
dSii H j X + dcol,q
Rcond = Acond CSii H j X
2 mSii H j X

(19)

where Acond is the collisional efficiency of the process (assumed 1.0, consistent with
[25] for silylenes), mSii H j X and dSii H j X are the mass and diameter of the colliding
species respectively, and dcol,q is the collision diameter of particle q. These processes are again summarised in Table 2.
Hydrogen release: The hydrogen content of a silicon nanoparticle is a strong function of
temperature and annealing time [38, 39, 70]. The present model therefore includes
a stochastic jump process to account for release of hydrogen from particles:
Pq (. . . , px (ηSi , ηH ), . . . , C) → Pq (. . . , px (ηSi , ηH − 2), . . . , C) + H2

(20)

A study of hydrogen desorption from a silicon hydride film found that the rate
of desorption was first-order in coverage of hydrogen [70]. Here, the hydrogen
coverage θ is estimated by the ratio of number of hydrogen atoms to silicon atoms
in each particle:
nq
∑ px (ηH )
θ (Pq ) = nx=1
(21)
q
∑x=1 px (ηSi )
9

It is assumed that the common surface element remains unchanged due to the loss of
hydrogen from the particle surface. The rate of hydrogen desorption is proportional
to the coverage, given here by the ratio of number of hydrogen to number of silicon
atoms:


EA,H2
RH2 = AH2 θq exp −
RT

(22)

The pre-exponential parameter AH2 is adjusted according to the methodology in
Section 3, and EA,H2 is given in Table 2
Coagulation: Coagulation of particles results in the following change to the state space:


Pq p1 , . . . , pnq , Cq + Pr (p1 , . . . , pnr , Cr ) → Ps p1 , . . . , pnq , pnq +1 , . . . , pnq +ns , Cs
(23)
The rate of coagulation is calculated using the ‘transition regime coagulation kernel’, which is a computationally efficient approximation to true Brownian coagulation [36]. The transition regime coagulation kernel K tr (Pq , Pr ) is the harmonic
average of the slip-flow kernel and free-molecular kernel:

−1
1
1
tr
+
.
(24)
K (Pq , Pr ) =
K fm (Pq , Pr ) K sf (Pq , Pr )
The free-molecular kernel K fm (Pq , Pr ) is dominant for Kn  1:
r

1
1 2
πkB T 1
fm
K (Pq , Pr ) = 2.2
+
(dcol,q + dcol,r )2
2
mq mr

(25)

where mq is the mass of particle Pq . After substitution of the Cunningham slip
correction factor and the Knudsen number, the slip flow kernel is given by
"
#!
2
k
T
(d
+
d
)
1
1
1
1
B
col,q
col,r
K sf (Pq , Pr ) =
+
+ 1.257(2σ ) 2 + 2
3µ
dcol,q dcol,r
dcol,q dcol,r
(26)
where µ is the gas viscosity and σ is the mean-free path of gas molecules.
The common-surface matrix C is changed to reflect the structure of old particles
Pq and Ps , and their new connection. The process through which this is done is
described in detail by Shekar et al. [67].
Sintering: Sintering is implemented using the exponential excess surface area decay formula, as popularised by Koch & Friedlander [29]:
∆Cxy
1
=−
(Cxy − Ssph (px , py ))
∆t
τS (px , py )

(27)

where Cxy represents the element of the common-surface matrix C describing the
common surface area of the two primaries px and py , and Ssph (px , py ) is their equivalent surface area. The characteristic sintering time is an empirical function of T and
10

Table 3: Numerical and model parameters used in the present work.
description
Numerical parameters
Maximum splitting timestep
Maximum number of stochastic particles
Number of runs
Model parameters
Maximum zeroth moment
Sintering pre-exponential
Sintering temperature power
Sintering characteristic energy
Density of silicon
Density of hydrogen
Process settings
Temperature range
Residence time range
Initial fraction of SiH4 range
Total pressure range

symbol

value

ref.

2.5 × 10−4 s
16,384
8

[67]
[36]
[36]

M0,max
AS
nS
ES
ρSi
ρH

1.0 × 1014 #/m3
1.15 × 1013 s/m4
4
55.0 kcal/mol
2329 kg/m3
101 kg/m3

[33]
[33]
[33]
-

T
τ

800–1400 ◦ C
0.001–1.0 s
0.0004–1.0
2500–101,325 Pa

-

∆ts
Nmax
L

ySiH4
P

d which is related to the time required for a two neighbouring primaries to coalesce.
It is typically expressed in the form:


ES
nS
τS = AS d T exp
(28)
RT
where AS , nS and ES are empirical parameters. Here, the sintering parameters quoted
by Kruis et al. [33] adapted from the titania grain-boundary diffusion [28] model
are used. These are preferred over those of [79] as the latter set of kinetics predict
coalescence of particles for conditions of practical interest [37].

2.4

Coupling algorithm

The gas-phase kinetic model and the stochastic particle population balance are coupled
using an operator-splitting algorithm with Strang splitting [8, 9]. The Linear Process
Deferment Algorithm is used to accelerate linear processes such as surface reaction and
condensation [57]. The full algorithm though which this occurs for an analogous particle
model is described by Shekar et al. [67]. The numerical and model parameters used for
the fully-coupled model are summarised in Table 3.
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3

Parameter estimation

Previous studies have identified that, at low pressure, use of literature gas-phase mechanisms (e.g. that of Swihart and Girshick [71]) requires scaling of either the gas-phase
pre-exponentials [22, 31, 37] or scaling of the nucleation rate [47]. In some cases, both
the kinetic parameters and nucleation rates (via usage of collision efficiencies) were empirically adjusted to obtain model fits [54, 55]. Thus, it is necessary to chose appropriate
model parameters to ensure theoretical results are comparable with experimental results.
Of the reactions included in the gas-phase mechanisms, Petersen and Crofton [60] noted
that the silane and silylene concentration was most sensitive to reactions 1 and 7. Onischuk et al. [55] additionally reported that fitting of reactions 1 and 3 was required for
their population balance model. Preliminary calculations for this work indicated that adjustment of the pre-exponentials of reaction 5 and reaction 8 (reverse) was necessary to
achieve agreement with experimental work. As silane decomposition occurs at the lowpressure limit [60] up to 5 atm the low-pressure pre-exponentials were adjusted, where
available.
As in previous studies, the surface reaction [22, 31, 37] and hydrogen release [55] rates
were adjusted via the pre-exponential factors. In total, there are seven parameters which
require estimation. This system’s parameter vector is therefore given by
x = (A1,LP , A2,LP , A3,LP , A5,LP , A8,rev , ASR,SiH4 , AH2 ) .

(29)

To choose an appropriate set of parameters x, a staged optimisation methodology analogous to those given in [37] was employed. Firstly, low-discrepancy (Sobol) sequences
were used to located four parameter sets close to minima, as defined by objective function
Φ(x):
Nexp
2
Φ(x) = ∑ φiexp − φisim (x) .
(30)
i=1

where φi represents one of the datasets used in fitting, listed in Table 4. A selection of
studies using a range of process conditions were used, and equal weighting was applied to
each of the datasets used in the objective function. The bounds for the Sobol scans were
found empirically. The four best parameter sets from the initial parameter space scan are
further refined by applying the simultaneous stochastic approximation algorithm (SPSA)
[24]; the best of which x∗ is chosen according to
x∗ = arg min {Φ(x)} .

(31)

x

The optimal set of parameters is obtained via use of the Bayesian approach of Mosbach
et al. [43] and Braumann et al. [4]. Using an Inverse-Wishart prior (as the error in the
experimental values is unknown), a Metropolis-Hastings algorithm is employed to estimate the posterior distribution of the parameters. A fourth-order response surface was
constructed locally around the point x∗ in order to reduce the time needed for the many
model evaluations in the sampling algorithm. This methodology provides an estimate of
the modal value of each parameter in x and its corresponding uncertainty.
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Table 4: Experimental data used in fitting the model. σa (dpri ) refers to the arithmetic
standard deviation of the primary diameter.
i T , ◦C
1 1100
2 1100
3 1100
4 1100
5 900
6 580
7 816
8 1047

ySiH4 , %
4.0
4.0
4.0
4.0
4.0
5.0
3.3
3.3

P, kPa
2.5
2.5
2.5
2.5
2.5
39.0
51.0
51.0

τ, s
φi
φiexp , nm
0.08
dpri,mode
26.7
0.08 σa (dpri )
1.7
0.08
dpri,10
24.1
0.08
dpri,90
28.8
0.42
dpri,mode
21.2
0.53
dpri,mode
41.0
0.0026 dpri,mode
11.0
0.0021 dpri,mode
11.0

ref.
[30]
[30]
[30]
[30]
[30]
[54]
[18]
[18]

Table 5: Optimal parameters obtained from the parameter estimation procedure. The
mode, upper and lower bounds are those of the high probability density region
for a 99.99% credible interval.
parameter
A1,LP
A2,LP
A3,LP
A5,LP
A8,rev
ASR,SiH4
AH2

4
4.1

units
cm3 /mol.s
cm3 /mol.s
cm3 /mol.s
cm3 /mol.s
cm3 /mol.s
cm/mol.s
1/s

lower bound
mode
12
3.2 × 10
4.0 × 1012
33
3.8 × 10
1.8 × 1035
2.1 × 1039
7.8 × 1040
1.7 × 1054
8.4 × 1055
10
8.1 × 10
5.2 × 1011
1.1 × 1033
3.0 × 1033
19
1.2 × 10
3.08 × 1020

upper bound
5.8 × 1012
2.8 × 1037
1.8 × 1043
1.4 × 1058
7.0 × 1013
1.3 × 1034
6.3 × 1020

Results and discussion
Numerical results

The model parameters and their credible intervals as obtained from the parameter estimation procedure are given in Table 5. A qualitative understanding of sensitivity of the
objective function Φ(x) to each parameter can be gained from this information. For example, the credible intervals of A1,LP and ASR,SiH4 are within an order of magnitude of
the modal value, indicating that the accuracy of the model is strongly dependent on correct estimation of these values. In comparison, the bounds for A3,LP span four orders of
magnitude, suggesting that Φ(x) is less sensitive to this value.
As the objective function is very sensitive to reaction 1 and previous studies [60] have
identified it as the most important step in governing the decomposition rate, it is worthwhile discussing the value of A1,LP obtained here through model-fitting. Table 6 lists the
low-pressure parameters for reaction 1 for several other studies: one used in a mechanism
to describe chemical vapour deposition (CVD) of silane [25], another obtained through
detailed experimental studies [60], and the others used for coupling with particle models
[18, 31, 37, 58].
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Table 6: Comparison of other kinetic expressions for the low-pressure limit of reaction 1.
study
A, cm3 /mol.s n, Ho et al. [25]
5.2 × 1029
-3.5
41
Frenklach et al. [18]
5.9 × 10
-8.8
Petersen and Crofton [60]
7.2 × 1015
0
12
Paur et al. [58]
1.3 × 10
0.68
12
Körmer et al. [31]
9.0 × 10
0
Menz et al. [37]
5.1 × 1010
0
12
this work
4.0 × 10
0

EA , kcal/mol
57.6
67.2
45.1
58.0
45.1
45.1
45.1

104
102

k1b, 1/s

100
10−2
10−4

Ho et al., 1994
Frenklach et al., 1996
Petersen + Crofton, 2003
Paur et al, 2005
Körmer et al., 2010
Menz et al., 2012
this work

10−6
10−8
700

800

900

1000

1100

1200

o

temperature, C

Figure 1: Dependence of the unimolecular rate constant (k1b ) upon temperature at 2.5
kPa (conditions of Körmer et al. [30]) for a variety of literature kinetic models.
There is clearly a large variation in values of the pre-exponential, especially when the
additional temperature fitting power n is used. It is useful to use unimolecular rate constant
(k1b ) when comparing the reaction rates predicted by each set of parameters [60]. Here, it
is given by:
dCSiH4
= −k1CSiH4 CM = −k1bCSiH4
(32)
dt
This rate constant is compared across the kinetic models of Table 6 in Figure 1. It is
evident that the rate constants in pure gas-phase models (e.g. [25, 60]) are three to four
orders of magnitude greater than those coupled to particle models [18, 31, 37, 58]. Even
within the set of those coupled to particle models, the unimolecular rate constant spans
three orders of magnitude. The rate expression found in the present work from parameter
estimation appears to correspond well with that of Körmer et al. [31].
It is hypothesised that k1b reported here is approximately two orders of magnitude greater
than the ‘slowest’ depicted [18, 37] due to the inclusion of the homogeneous nucleation
14

Table 7: Experimental data and corresponding process conditions used in the present
work.
study
reactor
T , ◦C
ySiH4 , % P, kPa (bath)
Flint et al. [17]
Laser
700–1000
0.21
20 (Ar)
Wu et al. [78]
PFR
450–1200
1.0
101 (N2 )
Nguyen and Flagan [46] PFR
500–1200 0.04–1.0
101 (N2 )
Frenklach et al. [18]
Shock tube 816–1307
3.3
51 (Ar)
Onischuk et al. [54]
PFR
580
5.0
39 (Ar)
Körmer et al. [30]
PFR
500–1100 2.0–13.0
2.5 (Ar)

τ, s
0.005
1.0
0.9
0.001–0.0026
0.2–0.8
0.08–0.42

1400

temperature, oC

1200
1000
800
600
400
200
0.0001

Flint et al., 1986
Wu + Nguyen, 1987
Nguyen + Flagan, 1991
Körmer et al., 2010
0.001

0.01
time, s

0.1

1

Figure 2: Experimental temperature profiles used in the model calculations for the case
studies of Table 7.
criterion in the rate equation for inception (Equation (11)).
The authors also note the good agreement of ASR,SiH4 with the value proposed by Houf
et al. [26] and used in the gas-surface mechanism Ho et al. [25] after conversion from
SURFACE CHEMKIN [11] to the type-space of the present work. This is discussed in
Appendix A.

4.2

Case studies

There is an overwhelming amount of literature which describes the production of silicon
nanoparticles under a variety of process conditions. Several of these cases representing
different types of particles or reactor configurations were selected, and those studied in the
present work are displayed in Table 7. Where available, published temperature profiles
were used (e.g. [78]), given in Figure 2.

15

All profiles (e.g. temperature versus length in [17]) were converted from length coordinates to time coordinates assuming plug flow and volumetric flowrates, unless a residence
time was supplied. In the cases with no temperature profile (e.g. [54]), the time corresponds to a ‘hot-zone’ residence time; and a constant temperature was used. Particle size
distributions (PSDs) are the number-density distributions and were generated using kernel
density estimation and the normal distribution approximation to estimate the bandwidth
[69].
4.2.1

Narrow PSDs

Narrowly-distributed particles are obtained when inception occurs for a very short period
of time, coagulation is negligible, and particles are grown by heterogeneous deposition
[31, 37]. A detailed study of the production of uniform silicon nanoparticles was conducted by Körmer et al. [30], where particle size could be controlled between 20 and 40
nm through choice of process conditions.
Under these conditions, much of the precursor is lost to the wall due to vapour deposition
on the reactor surface. In a similar vein to [22], this work assumes that only 16% of the
initial precursor reacts to form particles. A temperature profile similar to the optimsed
profile of Gröschel et al. [22] is used for the 84 ms, 1100 ◦ C cases, given in Figure 2. The
model predictions and experimental results for this system are compared in Figure 3.
As previously identified [22, 31, 37], negligible coagulation should occur in order to obtain a narrow size distribution. There is reasonable agreement between the model and
literature results, especially for greater silane fractions. The secondary and very small
tertiary peaks for the ‘base case’ is a result of particles coagulating once or twice. For the
higher silane fraction cases, much more silicon in the particle phase yields many more
coagulation events, broadening the distribution and ‘smoothing-out’ the additional modal
peaks.
At long residence times (τ ∼ 420 ms) the PSDs predicted by the model are far too broad
as compared to those observed experimentally [30]. It is evident that in these cases,
the model either over-predicts the rate of coagulation or is not capturing some aspect
of detail of the real process. As this system is particularly sensitive to the temperature
profile imposed [22], it is possible that the longer residence time cases require further
experimental characterisation.
Nucleation of silicon particles in a shock tube was studied by Frenklach et al. [18]. Spherical particles with sizes between 10 and 40 nm and narrow size distributions were produced
in the shock tube at a range of process conditions. Experimental PSDs were reported for a
3.3% SiH4 -Ar mixture with a total pressure of 0.5 atm, and are compared to the theoretical
predictions in Figure 4.
Very good agreement of theoretical and experimental PSDs is observed for the 816 ◦ C and
1307 ◦ C cases. However, the modal diameter for the 1047 ◦ C case is approximately double
that reported in [18]. In a similar vein to the 420 ms cases of Körmer et al. [30] described
previously, the broadening observed in this case is associated with too much coagulation.
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0.3

exp.
sim. dpri

0.25

kernel density, 1/nm

kernel density, 1/nm

0.3

τ=420ms, T=1100°C, ySiH4=4%

0.2
0.15
0.1
0.05
0

0.25
0.2
0.15
0.1
0.05
0

15

20

25
30
35
diameter, nm

40

45

10 15 20 25 30 35 40 45 50
diameter, nm
τ=420ms, T=1000°C, ySiH4=4%

0.3

0.3

0.25

0.25

kernel density, 1/nm

kernel density, 1/nm

τ=84ms, T=1100°C, ySiH4=8%

0.2
0.15
0.1
0.05
0

0.2
0.15
0.1
0.05
0

10

20

30
40
diameter, nm

50

60

10 15 20 25 30 35 40 45 50
diameter, nm
τ=420ms, T=900°C, ySiH4=4%
0.3
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0.3
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Figure 3: Comparison of the experimental PSDs of Körmer et al. [30] at 25 kPa total
pressure (in Ar) and those predicted by the present model.
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τ=1.6 ms, T=816 °C
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Figure 4: Comparison of theoretical and experimental PSDs for the shock tube reactor of
Frenklach et al. [18] with initial conditions ySiH4 =3.3% (in Ar) and P=51 kPa.
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Figure 5: Comparison of theoretical and experimental PSDs for the system of Wu et al.
[78] with initial conditions ySiH4 = 1.0% (in N2 ) at atmospheric pressure.
4.2.2

Sintered particles

Wu et al. [78] used a tubular reactor to generate highly-spherical crystalline silicon particles through coagulation and sintering of smaller particles at a high temperature. A peak
temperature of 1200 ◦ C (temperature profile given in Figure 2) and initial silane fraction
of 1 % at atmospheric pressure (in nitrogen) was required to achieve these particles. The
resulting particle size distribution is given in Figure 5.
The model predictions show excellent agreement with the experimental PSD. The particles predicted by the model are completely spherical, with a geometric standard deviation
of 1.50, indicating that the particle size distribution is at the self-preserving limit. The
model is also able to provide additional physical insight into this particular case: Figure 6
shows the temporal evolution of the primary and collision diameter for this system.
It is evident that while particles are initially spherical (dcol = dpri ), these measurements
begin to diverge after 0.4 s. This phenomenon is a result of much coagulation of particles,
as illustrated by renderings of the particles at the specified times. By the end of the
residence time, the high temperature has caused coalescence, yielding spherical particles.
This is in agreement with the hypothesis of Nguyen and Flagan [46] that particle growth
occurred by vapour deposition (surface reaction), cluster deposition (condensation) and
coagulation, rather than the pure condensation process proposed in [78].
4.2.3

Particle aggregates

Particle synthesis under conditions of finite-rate sintering was experimentally and theoretically investigated by Nguyen and Flagan [46]. Using a single-stage tubular reactor, they
investigated formation of aggregates at different silane concentrations (0.01–1.0%) with a
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Figure 6: Evolution of the mean primary and collision diameters for the case of Wu et al.
[78]. Insets depict snapshots of the particle ensembles at 0.4 s and 0.8 s. Particle images were rendered using POV-Ray [59].
lower peak reactor temperature as compared to Wu et al. [78]. This reactor was operated
at atmospheric pressure with nitrogen as the bath gas. Their results are compared to those
predicted by the present model in Figures 7 and 8.
It is evident that the theoretically-predicted average mobility diameter and the mobility
diameter particle size distributions (Figure 8) are in good agreement with the experimental
data. However the primary diameter is too large for silane concentrations above 0.07%
(Figure 7. This is attributed to the sintering kinetics used; which remain untested in
population balances [37].
The formation of particle aggregates was also identified by Onischuk et al. [54] in a detailed examination of the nature of particle structures obtained when sampling from the
‘hot-’ and ‘cold-zones’ of the reactor. Aggregates were sampled from inside the reactor corresponding to various hot-zone residence times and their primary particle structure
analysed. The model and experimental results are compared in Figure 9 for a constant
temperature of 580 ◦ C and initial conditions of 5 % silane in argon at 39 kPa.
Excellent agreement is observed between the model predictions of the temporal evolution of the average primary diameter and the experimental results. In order to compare
particle aggregates, a TEM-style image was generated by assuming that primary particles
randomly adhere to each other (Figure 10). Here, it is clear that there is at least qualitative
agreement with aggregate size and structure.

20

200

exp. dmob
sim. dmob
exp. dpri
sim. dpri

180
160
diameter, nm

140
120
100
80
60
40
20
0
0.01

0.1
initial ySiH , %

1

4

Figure 7: Dependence of particle size on intial precursor concentration for the system of
Nguyen and Flagan [46] with a peak reactor temperature of 800 ◦ C .
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and Flagan [46] with a peak reactor temperature of 800 ◦ C .
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Figure 9: Temporal evolution of the mean primary particle diameter for the conditions of
Onischuk et al. [54] with initial conditions ySiH4 =5% (in Ar) at 39 kPa and 580
◦
C.
4.2.4

Laser synthesis of particles

Silicon particles can also be synthesised in a laser-driven flame [6, 7, 16, 17]. These
studies varied process conditions such as silane fraction and cell pressure to produce
highly spherical and loosely-agglomerated particles. The particle size and number density was tracked through the flame using laser-scattering measurements. To convert the
temperature-length profiles given in [17], the velocity of the particles was estimated using
the formula provided in [16]:
2 QSTP T /273
v=
(33)
π r2 P(atm)
where QSTP is the volumetric silane flow at standard temperature and pressure and r is
the radius of the flame. Thus, using the velocity through the flame, the temperature-time
profiles were obtained. The experimental data and model predictions for this system are
supplied in Figure 11 for the 630S powder (see [17] for more information about different
powder codes), assuming 109 cm3 /s of silane [17] and 400 cm3 /s of argon [6] in the inlet
stream.
The present work’s model gives reasonable agreement with the experimental trajectories
when comparing the primary particle diameter to the experimentally observed diameter.
The separation of dcol and dpri at approximately 0.003 s represents the peak of the temperature profile, where the reaction has gone to completion and aggregates begin to form.
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experimental

simulation

Figure 10: An experimental TEM micrograph from the work of Onischuk et al. [54]
(left panel) compared with a computer-generated TEM-style image from the
present work’s model (right panel) for 0.53 s reaction time followed by 17.8
s in the reactor ‘cold zone’. Particle images were rendered using POV-Ray
[59].

5

Conclusions

A novel fully-coupled gas-phase and particle model for the synthesis of silicon nanoparticles was presented. The mechanism of Ho et al. [25] was used to describe the gas-phase
kinetics. A multidimensional particle model tracking the number of silicon and hydrogen units of each primary particle and the connectivity of the primaries in an aggregate
was used in conjunction with a stochastic population balance solver to study nanoparticle
synthesis.
By adjusting the pre-exponential factors of five gas-phase and two heterogeneous reactions, good fit to a variety of experimental studies was obtained. The model was applied
to different reactor configurations, process conditions and particle morphologies. Varying degrees of fit of theoretical results with experimental results were obtained, with the
model generally better for atmospheric pressure cases. The robustness of this modelling
methodology was demonstrated by generating a TEM-style image of silicon aggregates
in qualitative agreement with experiment.
However, it was reported that in some cases where aggregate particles were produced or
where large amounts of coagulation occurred, the primary diameter was larger than that
observed experimentally. This was attributed to the finite-rate sintering kinetics employed.
As this area is generally poorly characterised (particularly in terms of experimental work)
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Figure 11: Evolution of mean particle diameter for the laser-driven flame (case 630S) of
Flint et al. [17] and Cannon et al. [7].
for silicon, it is suggested that the model could be significantly improved by using an
accurate sintering expression. Despite this, the model successfully knits-together many of
the historical studies of silicon nanoparticle synthesis and provides a foundation on which
the space of process conditions can be reliably explored.
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A

Conversion of SURFACE CHEMKIN parameters

SURFACE CHEMKIN was developed by Coltrin et al. [11] to model the complex surface
chemistry in chemical vapour deposition processes. It consists of a set of packages to
interpret general heterogeneous chemical mechanisms in a standardised manner. As the
gas-surface mechanism proposed by Houf et al. [26] and Ho et al. [25] was formulated
in terms of a SURFACE CHEMKIN mechanism, the form of the rate expression requires
‘conversion’ so that is compatible with the type-space of the present work’s model.
An irreversible heterogeneous reaction may be represented in the general form [11]
K

K

∑ v0k χk → ∑ v00k χk
k=1

(A.1)

k=1

where v0k and v00k are the forward and reverse stoichiometric coefficients of species with
chemical symbol χk for K chemical species. Assuming only a single irreversible heterogeneous reaction is present, the rate of progress variable q (in mol/cm2 s) is given by:
K

q = kf

0
k
k

∏ Cχv

(A.2)

k=1

where Cχk is the gas-phase (mol/cm3 ) or surface (mol/cm2 ) concentration of species k.
The forward rate constant k f adopts a modified-Arrhenius form


EA
∗ β
k f = A T exp −
.
(A.3)
RT
To adapt the mechanisms for silane surface reactions [25, 26] to the present work, Equations A.1–A.3 must be applied to the chemical reactions given in Table 8.
Table 8: Surface reaction mechanism for silanes proposed by Ho et al. [25]. The (S) and
(B) subscripts refer to surface and bulk species, respectively.
Reaction
SiH4 + 2Si(S) → 2SiH(S) + Si(B) + H2
Si2 H6 + 2Si(S) → 2SiH(S) + 2Si(B) + 2H2
Si3 H8 + 2Si(S) → 2SiH(S) + 3Si(B) + 3H2

A∗ (cm5 /mol2 s)
8.39 × 1026
8.39 × 1027
8.39 × 1027

β (-) EA (kcal/mol)
0.0
37.45
0.0
37.45
0.0
37.45

As an example, this will be done for SiH4 . Using Equation A.1, we observe that the
forward rate coefficients are v0SiH4 = 1 and v0Si(S) = 2. Thus, the rate of progress q for this
reaction is given by:


EA
∗ 1
2
q = A CSiH4 CSi(S) exp −
(A.4)
RT
Writing Equation A.4 in this form enables deduction of the units of A∗ . Here, they must be
cm5 /mol2 s in order to ensure dimensional consistency. Assuming that the concentration
of surface Si(S) sites–given by λSi (#/cm2 )–is constant, we write
λSi = NA CSi(S) .
25

(A.5)

Table 9: Estimation of ASR,SiH4 based on different site densities.
parameter
lower bound
2
λSi (#/cm )
8.0 × 1014 [65]
ASR,SiH4 (cm/mol.s)
8.9 × 1032

this work
3.0 × 1033

upper bound
1.7 × 1015
4.0 × 1033

To ‘translate’ Equation A.4 to the type-space of the present work, we must ensure that the
surface reaction rate RSR is dimensionally consistent with the other rates:
RSR = S NA q.

(A.6)

Substituting in for λSi and rearranging yields:


EA
.
RSR = ACSiH4 S −
RT

(A.7)

where A is the alternative pre-exponential factor used in the present work, given by:
A=

A∗ λSi2
NA

(A.8)

By estimating the site density λSi , it is possible to convert the value of the pre-exponential
factor A∗ into the A used in present work. An upper-bound on λSi can be estimated by
using the bulk density of silicon. A lower bound on λSi is taken for the {111} surface of
silicon at full saturation [65].
We observe that Equation A.7 is the same as that used by Menz et al. [37]; and that the
parameters for silane in Table 9 shows good agreement with their pre-exponential factors
calculated via optimisation (ASR,SiH4 = 3.0 × 1033 ) in the present work.
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