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Abstract

The aim of this work is to present a new detailed multivariate population balance
model to describe the aerosol synthesis of silica nanoparticles from tetraethoxysilane
(TEOS). The new model includes a chemical representation of the silica particles to
facilitate a detailed chemical description of particle processes. Silica nanoparticles
are formed by the interaction of silicic acid monomers (Si(OH)4) in the gas-phase
as reported in a previous study. A multidimensional population balance model is
developed where each particle is described by its constituent primary particles and
the connectivity between these primaries. Each primary, in turn, has internal vari-
ables that describe its chemical composition, i.e. , the number of Si, free O and OH
units. Different particle processes, such as inception, surface reaction, coagulation,
sintering, and intra-particle reactions, are formulated from first-principles that alter
the particle ensemble and are two-way coupled to the gas-phase. The free parame-
ters in the model are estimated by fitting the model response to experimental values
of collision and primary particle diameters using low discrepancy Sobol sequences
followed by the simultaneous perturbation stochastic approximation algorithm. The
simulation results are finally presented at different process conditions. A strong de-
pendence of particle properties on process temperature and inlet concentration is
observed. The desirable operating conditions for different industrial applications are
also highlighted. This work illustrates the significance of adopting a multidimen-
sional approach to understand, and hence control, complex nanoparticle synthesis
processes.
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1 Introduction

The flame synthesis and characterisation of silica nanoparticles (SiNP) on an industrial
scale has received considerable attention in the last decade due to their large range of prac-
tical applications. The most popular route of industrial synthesis of inorganic nanoparti-
cles is via flame spray pyrolysis of a wide array of precursors [13, 34]. Tetraethoxysilane
(TEOS) as a halide-free and inexpensive starting material is widely used as a precursor
for the manufacture of SiNP. Silica nanoparticles find applications in ceramics, catalysis,
chromatography, as a filler and binding material to improve material properties [10] and
as functional materials to form nanocomposites. Recent discoveries have reported the use
of SiNP for bio-imaging and drug delivery [29]. Such sensitive applications require par-
ticles of highly specific size, morphology and surface characteristics. In order to control
the particle properties, it is essential to understand the detailed mechanism of formation
and growth of these nanoparticles.

Various studies have been conducted to investigate the formation of silica nanoparticles
from TEOS in the vapour phase using different methods. Smolı́k and Moravec [30] exam-
ined the production of silica particles by thermal decomposition of TEOS vapour in the
presence of oxygen using Chemical Vapour Deposition (CVD) techniques. Jang [11] syn-
thesised silica nanoparticles from TEOS vapour in a laminar diffusion flame reactor and
characterised the particles at different operating conditions. The formation and sintering
of silica particles in a heated pipe was studied by Seto et al. [26]. The effect of temper-
ature on the particle structure and size distribution was examined by first generating the
particles at 900 ◦C and then heating the particles to different final temperatures. Due to the
lack of a detailed kinetic model in previous studies, the flame synthesis of silica nanopar-
ticles from TEOS was assumed to proceed via the sticking of gaseous SiO2 monomers.
Recent kinetic studies on the flame synthesis of silica nanoparticles from tetraethoxysilane
(TEOS) suggest the formation of nanoparticles via the interaction of silicic acid (Si(OH)4)
monomers [9, 21, 27]. This work is developed under the framework that the formation of
silica nanoparticles proceeds through the dehydration of silicic acid monomers.

Previous population balance models in the field of nanoparticle synthesis have focussed
on tracking a single property in the particle ensemble, typically particle diameter or size.
A one-dimensional population balance model was first used to simulate particle dynamics
of flame-synthesised pyrogenic silica by Ulrich [37]. The one-dimensional approach was
extended to two-dimensions by Xiong et al. [39] who studied the evolution of particle
size and shape by coagulation and sintering using a population balance equation which
was solved by sectional methods. Tsantilis et al. [36] used a similar approach to model
the flame synthesis of titania nanoparticles. The growth of non-spherical silica particles
in a counterflow diffusion flame was analysed by Lee et al. [16] where in addition to
coagulation, they consider the effect of chemical reactions and coalescence.

In this work, we use a stochastic population balance approach to study the formation of
silica nanoparticles formed from silicic acid monomers. The use of stochastic methods to
solve population balance equations provides an advantage over sectional methods as they
are suitable for problems of high dimension. A stochastic particle algorithm to solve the
Smoluchowski coagulation equation has been developed by Eibeck and Wagner [5] and
improved upon by Goodson and Kraft [7] and Patterson and Kraft [19]. Morgan et al. [18]
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have extended this algorithm to include particle inception, surface growth and sintering.
Celnik et al. [3, 4] incorporated the effects of gas-phase reactions into the stochastic pop-
ulation balance model by using an operator splitting technique, and West et al. [38] used
such a coupled model to study the synthesis of titania particles. Previous works in the
field of population balance modelling of nanoparticles have been restricted to defining the
particle ensemble only in terms of its shape and/or size. The motivation behind the current
work is to expand the scope of the previous models by describing the particle formation
mechanism in an unprecedented level of detail by tracking the evolution of the individual
chemical units in each particle in the ensemble. By including a compositional represen-
tation of the nanoparticles, various particle properties can be calculated more accurately
and a more refined chemical description of different particle processes can be furnished.

The aims of this work are threefold: (i) To develop a multidimensional population balance
model that describes the evolution of the chemical composition of silica nanoparticles
synthesised by flame pyrolysis of TEOS; (ii) To estimate the free-parameters of the model
by fitting it to experimental data; (iii) To report the model response at different process
conditions.

The paper is structured as follows: A description of the stochastic particle model is given
in §2. The different particle processes such as surface reaction, coagulation, sintering and
intra-particle reactions that transform the particles are described in §2.1. The rates of each
of these processes are described in §2.2. The stoichiometric ratio of Si:O is constrained
to 1:2 and is applied in §2.3 to deduce the rate of the intra-particle process. The esti-
mation of free parameters in the model is described in §3. This section also presents the
comparision of model predictions to experimental data along with the computer generated
TEM images. Finally, simulation results are presented in §4, where industrially relevant
particle properties are reported at different process conditions. The paper concludes with
a discussion of the advantages of the new detailed model and its limitations, along with
potential steps for future research.

2 Silica particle model

The population balance model used in the current work enables us to track the properties
of silica nanoparticles in an unprecedented level of detail. Various particle processes that
alter the particles are also included in the model. Tracking the chemical composition of
the particles allows us not only to describe the particle properties more accurately, but
also provides better coupling of the gas-phase to the particle-phase, because each of the
particle processes altering the gas-phase composition are accounted for. In this section,
the representation of the particle and the different particle processes are outlined.

From a previous study [27], we conclude that the main product of TEOS decomposition
is silicic acid (Si(OH)4). The main particle formation pathway is given in Fig. 1.

It is proposed that the particle is formed due to the inception of Si(OH)4 in gas-phase.
The dehydration of two silicic acid monomers leads to the inception of the first particles.
The particles then grow by coagulation, surface reaction, intra-particle reactions and sin-
tering as described in the following sections. The detailed mathematical description and
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Figure 1: The pathway for silica nanoparticle formation.

numerical properties of this model have been presented elsewhere [28]. Each particle is
represented in terms of its primary particles and the connectivity between these primaries.
The connectivity is represented as a matrix containing the common surface of a given pri-
mary with all of the other primaries in a particle. If the primaries are non-neighbouring,
then their common surface is zero; if the primaries are at point contact, there common
surface is the sum of the individual surfaces and if the primaries are completely sintered
then there common surface is replace by the surface of a sphere with the same volume as
that of the individual primaries. Each primary in turn is described by its chemical com-
position i.e. , the number of Si, O and OH units it contains. The description of a single
particle in the system is schematically represented in Fig. 2. All the derived properties of
the particle (mass, surface area, volume etc. ) are then described in terms of the internal
variables defined above.
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Figure 2: Representation of the internal variables used to describe a single particle in the particle
ensemble.
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2.1 Particle processes

During the course of its lifetime, a particle in the system evolves due to various pro-
cesses, namely: inception, surface reaction, coagulation, sintering and intra-particle reac-
tion. These processes along with their rates and transformations are described below:

• Inception: Two molecules in gas phase collide to form a particle consisting of one
primary. The choice of Si(OH)4 as the gas-phase monomer is motivated by the
kinetic model developed in previous work [27] where Si(OH)4 was deduced to be
the main product of tetraethoxysilane decomposition. The formation of a single
particle from gas-phase monomers (Si(OH)4) is represented in Fig. 3.
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Figure 3: Inception of primary particles from gas-phase monomers.

An inception event introduces a new particle into the system with initial composi-
tion as two Si units, one O unit and six OH units.

• Surface Reaction: A surface reaction is the reaction of a gas-phase monomer
(Si(OH)4) with an active site on a particle. The surface reaction between Si(OH)4

and an –OH site on the particle is a dehydration reaction (removal of H2O) and is
represented in Fig. 4.
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Figure 4: Surface reaction between a particle and a gas-phase molecule.

The reaction of a gas-phase molecule on the particle surface alters its chemical
composition. The composition of a randomly chosen primary particle is altered by
increasing the chemical units of Si by one, O by one and OH by two.

Surface Rounding: Surface reactions also alter the common surface of a primary
with other primaries and thus bring about surface rounding as depicted in Fig. 5.
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Figure 5: Surface rounding due to reaction of a gas-phase molecule on particle surface.

The change in volume due to surface reaction, results in the change in net common
surface area between the transformed primary particle and all of its neighbouring
primaries. This net change in common surface area is calculated using:

∆s = ∆v
2σ

dp

, (1)

where ∆v is the change in volume brought about by surface reaction, dp is the pri-
mary particle diameter of the transformed primary and σ is the coalescence thresh-
old for surface rounding (0 ≤ σ ≤ 2) [24], and is a free parameter in the current
model.

• Coagulation: Coagulation occurs when two particles collide with each other and
instantaneously stick together to form a new particle. Coagulation between two
particles is represented in Fig. 6.

+

Pq
Pr Ps

Figure 6: Coagulation between two particles.

Coagulation of two particles forms a new particle such that the primaries of the two
particles are the same as the primaries of the new particle. After coagulation, the
two particles are assumed to be in point contact and the connectivity of the new
particle is updated accordingly. The chemical composition of the particles remains
invariant.
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• Sintering: Sintering minimises the surface energy of a particle and therefore in-
creases its sphericity. In this work, sintering between different primaries in a single
particle is calculated on a localized level (primary-particle level) using the approach
outlined by Sander et al. [23]. Sintering of silica nanoparticles is described by the
viscous flow model [6]. The time evolution of the sintering process for a single
particle is represented in Fig. 7

pi
pj

pi
pj pk

No Sintering Partial Sintering Complete Sintering

Figure 7: Evolution of sintering process with time.

The degree of sintering between two primaries pi and pj is indicated by its sintering
level defined as:

s(pi, pj) =

Ssph(pi,pj)

Cij
− 2

1
3

1− 2
1
3

, (2)

where Ssph(pi, pj) = 3
√
π(6(v(pi) + v(pj)))

2
3 is the surface area of a sphere with the

same volume as the two primaries.

The transformation of particle Pq is conditional on the value of the sintering level
s(pi, pj). Two kinds of transformations are defined based upon a threshold value
of sintering level at 95%. The primaries are assumed to be partially sintered if
s(pi, pj) < 0.95 and are assumed to be fully sintered if s(pi, pj) ≥ 0.95.

The –OH sites on surface of one primary react with the –OH sites on the surface
of the second primary to form Si–O–Si bonds at the particle neck and release H2O
molecules into the gas-phase. Thus, sintering also alters the composition of a parti-
cle as shown in Fig. 8.

• Intra-particle reaction: Intra-particle reaction is the reaction of two adjacent –OH
sites on a single particle and results in the reduction of –OH units in the particle
as depicted in Fig. 9. At steady state, the stoichiometric ratio of Si:O in a particle
converges to a ratio of 1:2 and there are no –OH sites present on the particle surface.

Intra-particle reaction is modelled by changing the chemical composition of a ran-
domly selected primary within a particle; the number of –OH sites is reduced by
two and the number of O sites is increased by one.
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2.2 Rates of individual processes

• Inception: A new particle is inserted within the particle ensemble each time two
molecules from the gas-phase collide. This rate is given by the rate of irreversible
bimolecular reaction:

Si(OH)4 + Si(OH)4 → Si(OH)3–O–Si(OH)3 + H2O. (3)

The rate is calculated using the free molecular kernel:

Rinc =
1

2
K fmNA

2C2
g , (4)

where NA is Avogadro’s number, Cg is the gas-phase concentration of the incepting
species and K fm is the free molecular regime coagulation kernel given by:

K fm = 4

√
πkBT

mg

d2
g, (5)

where kB is Boltzmann’s constant, T is the system temperature, mg and dg are the
mass and diameter respectively of the gas-phase molecule Si(OH)4.

• Surface Reaction: A molecule from the gas-phase reacts with a particle and in-
creases its mass. This process is implemented in the model by assuming that the
collision of a molecule from the gas-phase and a particle can be calculated using
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the free molecular collision kernel for the particle and a single molecule from the
gas phase. Since the rate of reaction is the rate of reactive collisions, the rate takes
the form:

Rsurf = Asurf exp

(
− Ea

RT

)
ηOHNACg, (6)

Asurf is pre-exponential factor (obtained from collision theory), Ea is activation
energy, ηOH is the total number of –OH sites on particle and Cg is the gas-phase
concentration of the reacting species. Asurf has to be determined empirically or us-
ing theoretical calculations like plain-wave DFT methods. However, in the current
model, Asurf is set to the collision limit (1 × 1013), Ea is the activation energy for
a dehydration reaction between two –OH reactions (currently set to 0) and T is the
temperature.

• Coagulation: The coagulation rate between Pq and Pr is calculated using the tran-
sition coagulation kernel:

Ktr =
KsfK fm

Ksf +K fm
, (7)

where Ksf is the slip-flow kernel and K fm is the free-molecular kernel.

• Sintering: The sintering rateRsint depends on the excess surface of the particle over
a spherical particle with the same mass. A particle spontaneously reduces its free
surface to minimise the free energy. This results in the rounding of the particle,
finally to a sphere. The rate of sintering between two primaries is equivalent to the
rate of change of their common surface ∆Cij in time ∆t:

∆Cij
∆t

= − 1

τ(pi, pj)
(Cij − Ssph(pi, pj)), (8)

where Ssph(pi, pj) is the surface area of a sphere with the same volume as the two
primaries. τ(pi, pj) is the characteristic sintering rate calculated using the formula
of Tsantilis et al. [35] as:

τ(pi, pj) = As × dp(pi, pj)× exp

(
Es

T

(
1− dp,crit

dp(pi, pj)

))
, (9)

where dp(pi, pj) is the minimum diameter of pi and pj , and As, Es and dp,crit (the
sintering parameters) are free parameters in this model.

• Intra-particle reaction: The rate of intra-particle reaction is deduced from the rate
of surface reaction and the average sintering rate and is described in detail in the
following section.

2.3 Stoichiometric ratio of Si:O

The interplay between the rates of different processes should be such that the stoichio-
metric ratio of Si:O is consistent with the experimentally observed ratio of 1:2. Using

10



this constraint, the rate of intra-particle reaction can be deduced. The chemical units in
particle Pq vary with time t. After a time interval of ∆t, the following events occur which
transform particle Pq :

1. Let the average number of surface reaction events that occur in ∆t be Nsurf(Pq).

2. Let the average number of intra-particle events that occur in ∆t be Nint(Pq).

3. Let the average number of OH units that are reduced by sintering in time ∆t be
∆sintηOH(Pq).

Using the jumps associated with each of these processes defined in §2.1, we find the
changes in Si, O and OH units of particle Pq to be:

∆ηSi(Pq) = Nsurf,

∆ηO(Pq) = Nsurf +Nint +
∆sintηOH(Pq)

2
,

∆ηOH(Pq) = 2Nsurf − 2Nint −∆sintηOH(Pq).

The total change in O units of the particle is given by the sum of the changes in free O
units (∆ηO(Pq)) and OH units (∆ηOH(Pq)). Thus, ∆ηO,total(Pq) = ∆ηO(Pq) + ∆ηOH(Pq).
The ratio of Si to O is thus given by:

∆ηSi(Pq)

∆ηO,total(Pq)
=

Nsurf

3Nsurf −Nint − ∆sintηOH(Pq)

2

. (10)

The stoichiometric ratio of Si:O in particle Pq has to be 1:2 in order to be consistent with
experimental observations. By assuming that the number of events of each process are
much greater than the initial number of Si, O and OH in Pq, substituting in Eq. 10 we get,

Nsurf

3Nsurf −Nint − ∆sintηOH(Pq)

2

:=
1

2
(11)

=⇒ Nint = Nsurf −
∆sintηOH(Pq)

2
. (12)

Dividing Eq. 12 by ∆t, we get:

Rint = Rsurf −
∆sintηOH(Pq)

2∆t
. (13)

The surface density of OH sites is assumed to be constant throughout the sintering process.
The reduction in surface area due to sintering is thus accompanied by a reduction in the
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number of OH sites. The change in the number of OH in particle Pq due to sintering is
given by:

∆sintηOH(Pq)

2∆t
=
ρs(Pq)

2

∆S(Pq)

∆t
, (14)

where ∆S(Pq) is the net change in surface of Pq due to sintering and ρs(Pq) = ηOH(Pq)/S(Pq)
is the surface density of OH sites. Since the change in surface area of Pq is the sum of the
change of surface areas of all its constituent primaries, we get:

∆S(Pq)

∆t
=

n(Pq)∑
i,j=1

∆Cij
∆t

. (15)

Substituting the value of the rate of change of surface (∆Cij/∆t) from Eq. 8, we get the
overall rate of intra-particle reaction for particle Pq:

Rint(Pq) = Asurf exp

(
− Ea

RT

)
ηOH(Pq)NACg −

ρs(Pq)

2

n(Pq)∑
i,j=1

Cij − Ssph(pi, pj)

τ(pi, pj)

 . (16)

The silica particle model described above is solved using a stochastic particle algorithm
and linear process deferment algorithm [20]. The particle model is two-way coupled to
the gas-phase kinetic model of Shekar et al. [27] using an operator splitting technique
[2, 3].

3 Parameter estimation

The accurate estimation of model parameters is crucial to the performance of the model
[14]. In this section, the free parameters in the model are determined by fitting the model
to the experimental conditions of Seto et al. [26] who evaluate the sintering characteristics
of silica nanoparticles by observing the change in size and size distribution of nanoparti-
cle agglomerate in a heated pipe. The nanoparticles, initially formed at 900 ◦C, are heated
to six different final temperatures and their collision and primary particle diameters ob-
served.

The silica particle model described in §2 has four free-parameters:

1. As : Pre-exponential factor for sintering (§2.2)

2. Es : Activation energy of sintering (§2.2)

3. dp,crit : Critical diameter below which the particles are considered to be liquid-like
and sinter instantaneously (§2.2)

4. σ : Coalescence threshold for surface rounding (§2.1).
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The parameter space in the current model is thus four-dimensional and is given by:

y = (As, Es, dp,crit, σ). (17)

The initial values of the sintering parameters (As,Es and dp,crit) were taken from a previous
work [27] and the initial value of the coalescence threshold was set to 1.

A two-step optimisation method similar to that used by Brownbridge et al. [1] to automate
IC engine model development is implemented to estimate the parameter values:

1. Data points in the four-dimensional space are generated using quasi-random low
discrepancy Sobol sequences [31]. The model is evaluated at these points and the
objective function Φ(y) determined as:

Φ(y) =

Nexp∑
i=1

(
[〈dexp

ci 〉 − 〈d
sim
ci 〉(y)]2 + [〈dexp

pi
〉 − 〈dsim

pi
〉(y)]2

)
, (18)

whereNexp is the number of experimental points from Seto et al. [26]. dexp
ci , dexp

pi
, dsim

ci
and dsim

pi
are the experimental and simulated collision and primary particle diameters

respectively. The set of parameters that minimises the objective function Φ(y) is
first determined.

2. For the next step of parameter estimation, the model is optimised using the simul-
taneous perturbation stochastic approximation (SPSA) algorithm [32]. SPSA is a
descent method where the gradient is approximated using two measurements of the
objective function. A new set of parameters that further minimises Eq. 18 is deter-
mined.

The resulting parameter values estimated using Sobol sequences followed by an SPSA
algorithm are shown in Table 1.

Table 1: Values of sintering parameters in the particle model compared to values calculated by
Shekar et al. [27].

Parameter Value [27] Value (current model)
As (m−1s) 1.16 × 10−16 3.49 × 10−14

Es (K) 12.7 × 104 11.44 × 104

dp,crit (m) 4.4 × 10−9 5.76 × 10−9

σ (-) 0 1.972

The optimised model response, i.e. , the average collision diameter and particle diameter
at different final temperatures is shown in Fig. 10

To establish the consistency of the model with experiments, other model results are com-
pared to experimental observations. Figs. 11a, 11b and 11c compare the particle size
distributions (PSDs) with respect to primary particle diameter (dp) and collision diame-
ter (dc) obtained from simulation and experiments at three different final temperatures.
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Figure 10: Optimised model response, i.e. average primary diameter (dp) and collision diameter
(dc) at different final temperatures. (a)Experimental values are from Seto et al. [26].

Also presented are the corresponding TEM images generated by projecting the particles
on to an x − y plane to simulate the transmission of an electron beam through a particle
specimen.

In Fig. 11a, at 900 ◦C, the primary particle size distribution is narrow with a low mean as
the primaries are not sintered and hence are of uniform size. The corresponding collision
diameter PSD is broad with higher mean due to high degree of agglomeration and low
levels of sintering. The inlaid TEM image confirms the observations from the PSD where
high agglomeration and low sintering is observed. As the final temperature is increased to
1500 ◦C (Fig. 11b), the primary diameter PSD gets broader and the collision diameter gets
narrower due to sintering. The corresponding TEM image reflects this observation, the
collision diameter of particles decreases while the corresponding mean primary diameter
increases. In Fig. 11c at 1750 ◦C, the particles are highly sintered. The size distributions
of primary and collision diameters are close to each other because the particles sinter
completely increasing the size of the primaries and reducing the size of the particles. The
corresponding TEM image shows particles that are small in size and almost spherical in
shape. These simulation results are found to be in close agreement with the experimental
observations.

4 Simulation Results and Discussion

The sensitive applications of silica nanoparticles require effective control of particle prop-
erties. The product applications depend on particle size distribution, morphology, degree

14



(a) T = 900 ◦C

(b) T = 1500 ◦C

(c) T = 1750 ◦C

Figure 11: Particle size distribution and corresponding TEMs at different final temperatures. The
experimental data are from Seto et al. [26].
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of agglomeration in addition to surface chemistry. In the industrial production of SiNP,
emphasis is laid on understanding how to attain product control by varying the process
conditions. The characterisation of size, surface activity, and degree of agglomeration
within the nanoparticles is also essential with a view to performing toxicological stud-
ies [12].

Having estimated the unknown parameters in §3, this section reports industrially relevant
model results at different process conditions. The zones of operating conditions for desir-
able product properties have also been highlighted. In particular, the effects of varying the
key process variables, namely, the reactor temperature and inlet concentration have been
examined. The values of the key process variables are listed in Table 2 [8, 33].

Table 2: Key process variables in an industrial flame reactor.

Parameter Value
Temperature 1000 K ≤ T ≤ 2000 K
Pressure P = 1 atm
Residence time 10 ms ≤ τr ≤ 100 ms
Precursor mole-fraction 100 ppm ≤ x0,TEOS ≤ 10, 000 ppm

The results reported in this section have been produced by simulating an isothermal batch
reactor at a range of reactor temperatures (1200 K ≤ T0 ≤ 2000 K) and initial TEOS
mole-fractions (80 ppm ≤ x0,TEOS ≤ 8000 ppm).

4.1 TEOS decomposition rate

The rate of decomposition of TEOS is an essential parameter to determine the amount of
gas-phase monomers in the system, and thus significantly effects the final particle prop-
erties. The precursor (TEOS) decomposition rate is highly sensitive to the key operating
conditions such as temperature and initial concentration of species. The decomposition
time for complete conversion of TEOS at different process conditions is shown in Fig. 12.

The decomposition time reduces with increasing temperature, i.e. , the rate of conversion
is faster at higher temperatures as predicted by the Arrhenius rate law. The conversion
time increases insignificantly with increasing initial TEOS concentration.

4.2 Particle size distributions

Particle size distributions provide the primary characterisation of nanoparticles, with many
industrial applications requiring particles of highly specific sizes and a narrow size dis-
tribution. The effect of varying the process conditions on the mean collision diameter of
particle is depicted in Fig. 13. The highlighted zone represents the process conditions for
desirable industrial operations details of which will be discussed in §4.4. Zone A indi-
cates the process conditions required for nanoparticle applications requiring mean particle
diameter between 40-80 nm.
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Figure 12: Effect of varying the process conditions on TEOS decomposition rate.

At low temperatures, the mean collision diameter is small due to low conversion of TEOS
to Si(OH)4 (as depicted in Fig. 12). The low monomer (Si(OH)4) concentration results in
the formation of fewer particles resulting in negligible agglomeration. Thus, the particles
are small in size and spherical in shape due to instantaneous sintering. As the temperature
is increased, the conversion of TEOS to Si(OH)4 increases resulting in more agglomerated
particles with a greater mean collision diameter. At high temperatures, the particle size
reduces due to the pronounced effect of sintering, which increases the sphericity of the
particles and reduces the mean diameter.

The effect of the process conditions on the standard deviation of the collision diameter of
a particle ensemble is shown in Fig. 14. Industrial applications typically favour particles
with a narrow size distribution or a lower value of standard deviation (≤ 25 nm) which
are indicated as Zone B in Fig. 14.

The particle size distribution becomes wider with increasing values of x0,TEOS due to an
increase in the degree of agglomeration. The standard deviation is relatively small at
low temperatures, due to low conversion of TEOS to Si(OH)4 resulting in fewer particles
present as incepted monomers. As the temperature is increased, the conversion increases
but so does the sintering between particles. At medium temperature, the effect of ag-
glomeration supersedes sintering, thus producing particles of varying sizes (high standard
deviation). At high temperatures, sintering is predominant and particles are more uniform
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Figure 13: Effect of varying the process conditions on mean collision diameter. The highlighted
zone indicates the desirable process conditions for industrial applications.

in size and shape resulting in lower values of standard deviation.

4.3 Surface activity

The presence of hydroxyl groups on the silica nanoparticle surface has been reported in
previous studies [40], which under suitable chemical treatment render many possibilities
for surface functionalisation and thus can be effectively used for cellular drug delivery
[17]. Radhakrishnan et al. [22] state that the hydroxyl groups on the surface of silica
particles can easily be tailored with organic compounds or polymers to produce silica-
polymer hybrid materials which are widely used as fillers in the manufacture of paints
and rubber products. In light of these applications, surface characteristics of SiNP are an
important property to track. The detailed particle description in the current model allows
us to track the number of –OH sites per particle thus enabling a better understanding of
surface activity. As depicted in Fig. 15, there is a direct positive correlation between
the number of active sites and the temperature i.e. , as the temperature is increased the
surface activity increases. As the TEOS concentration in the initial mixture is increased,
the surface activity decreases. For an industrial application requiring high surface density
of active sites, higher temperature operating conditions are preferred as highlighted by
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Figure 14: Effect of varying the process conditions on standard deviation of collision diameter
distribution. The highlighted zones indicate the desirable process conditions for in-
dustrial applications.

Zone C in Fig. 15.

4.4 Desirable process conditions for industrial applications

The various applications of silica nanoparticles in industries require the production of
particles with highly specific properties. These desired properties vary amongst different
applications. This section reports the process conditions that result in the production of
silica nanoparticles suitable for key industrial applications.

Functional material applications: The use of SiNP as a funtional material for nanocom-
posites, electronics, optical and catalysis operation requires the mean particle size
to be within a prescribed range, for example, between 40 nm and 80 nm and a nar-
row standard deviation (less than 25 nm) [15]. The desirable area of operation is
the intersection of Zone A in Fig. 13 and Zone B in Fig. 14 and is shown in Fig. 16.
The computer-generated TEM image of the ensemble at a characteristic operating
condition is also depicted. It is observed that the particles are partially sintered at
these conditions.
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Figure 15: Effect of varying the process conditions on the number of OH sites per particle. The
highlighted zone indicates the desirable process conditions for industrial applications.

Biomedical applications: The application of silica nanoparticles in biotechnology is hy-
pothesised to be derived from its active surface properties, i.e. , the presence of
active –OH sites on the surface of the particle [40]. Thus, for biomedical applica-
tions, it is inferred that particles with a large number of active sites are desirable.
Equally, for ease of cellular diffusion, particles of relatively small size and a narrow
size distribution are required [29]. The desirable area of operation is the intersection
of Zone A in Fig. 13, Zone B in Fig. 14 and Zone C in Fig. 15 as shown in Fig. 17.
The computer-generated TEM image of the ensemble at a characteristic operating
condition is also depicted. It is observed that the particles are closer to being fully
sintered at these conditions.

Evolution of particle morphology: The size and morphology of silica nanoparticles greatly
influence their physical and chemical properties, and determine their interaction
with the environment and biological systems. Measuring size and morphology are
therefore critically important to understanding the interactions between nanoscale
materials and biological systems, as well as in understanding potential environmen-
tal risks. In Fig. 18, characteristic particles are overlayed onto the average sintering
level contour plot at key process operating conditions to highlight the change in par-
ticle morphology and structure with respect to these operating conditions. At a low
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Figure 16: Desirable process conditions for functional material applications.

temperature, the particles exist only as isolated primaries because there is limited
conversion of the precursor (TEOS) to form gas-phase monomers (Si(OH)4). As
the temperature is increased from 1200 K to 1500 K, there is complete conversion
of TEOS which results in the formation of bigger particles. On further increasing
the temperature, the effect of sintering is dominant which makes the particles more
spherical. These observations are consistent with the results of Zachariah et al. [41]
and Schaefer and Hurd [25] indicating that temperature plays a significant role in the
formation process, by controlling the chemical kinetic rates and through physical
changes in particle morphology. It is also evident that increasing the initial precur-
sor concentration results in the formation of more particles thereby increasing the
aggregation of particles and reducing the average sintering level.

5 Conclusion

This work presents a new detailed multidimensional population balance model to describe
the evolution of the chemical composition of silica nanoparticles formed from TEOS by
aerosol synthesis. Each particle is represented in terms of its primary particles and the
connectivity between these primaries. Each primary particle, in turn, is described by
its chemical composition i.e. , the number of Si, O and OH groups present within it.
Tracking the chemical composition of the particles allows us not only to describe the

21



Figure 17: Desirable process conditions for biomedical applications.

particle properties more accurately, but also provides better coupling of the gas-phase to
the particle-phase.

Various particle processes have been included in the model that alter the state of the par-
ticle ensemble. In addition to nucleation, surface reaction, coagulation and sintering, the
model also considers surface rounding and intra-particle processes. The rate of the intra-
particle process is deduced by constraining the stoichiometric ratio of Si:O to 1:2. The
rate of surface reaction is currently set to the collision limit, however quantum chemistry
calculations may lead to more accurate rates for gas-surface interaction.

The free parameters in the model were estimated by fitting the model to experimental
values of collision and primary particle diameters using Sobol sequences and the SPSA
algorithm. The particle size distributions and computer-generated TEM images at differ-
ent temperatures were compared with experimental observations and good agreement was
found. Finally, an industrial isothermal batch reactor was simulated at different process
conditions and various industrially important properties were reported. It was observed
that as the process temperature increases, the average aggregate size reduces and the size
distribution becomes narrower. The surface activity and average sintering level of particles
also increase with increasing temperature. An increase in the inlet TEOS concentration
increases the aggregate size, but reduces surface activity and average sintering level. An
analysis of the process conditions required for a desirable range of particle properties was
performed with a view to better industrial process control and optimisation. Future work
would involve facilitating reactor design by interfacing the particle model with compu-
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Figure 18: Average sintering level with respect to process conditions. Overlaid is the evolution of
particle morphology.

tational fluid dynamics (CFD). This work brings us closer to the overall goal of model
development for engineering applications: to obtain more information about the system
which are difficult to determine experimentally and to improve the accuracy of model
prediction.
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